Uniform-in-Time Particle Convergence
for Projected Gaussian SVGD

Abstract

Liu, Ghosal, Balasubramanian, and Pillai [12] conjectured uniform-in-time mean-field con-
vergence for projected Gaussian Stein variational gradient descent (SVGD) beyond Gaussian
targets. We give a quantitative affirmative answer for the continuous-time, exact-Gaussian-
moment system with kernel K;(z,y) = 2"y + 1, assuming 7(dz) o< e~V @ dz, V € C?*(R?), and
0 < al = V2V =< BI. For Gaussian i.i.d. initialization and every N > d + 1, the empirical
particle law (y; and Gaussian mean-field law p; satisfy E[sup,~o W5 (Cw ¢, pt)] < Cra(N). The
asymptotic orders of 74(N) are N~ !loglog N, N~!(log N)?, and N—2/4 in dimensions one, two,
and at least three, respectively; each is sharp in particle number. Thus the time supremum
can be placed inside the expectation without losing the Gaussian empirical-measure rate, even
at the minimal full-rank sample size. We also obtain high-probability all-time bounds and a
last-iterate guarantee to the reverse-KL optimal Gaussian at the same statistical scale. The key
deterministic inequality separates initial moment mismatch from the Wasserstein discrepancy of
the standardized cloud, using stability in square-root covariance coordinates and exact affine
transport. At fixed N, we characterize the discrete limiting cloud: its moments are optimal, but
its preserved standardized shape leaves a strictly positive full-law error.

Note. This paper was generated entirely by Al, including MiMo, using an automated research
pipeline developed by Chenghua Liu and Hanyu Li.

1 Introduction and prior conjecture

This section states the prior conjecture, explains the obstacle to uniform full-law control, and
summarizes our resolution. Detailed definitions and results follow in Section 2.

Stein variational gradient descent (SVGD) transports particles by a kernelized deterministic
velocity field [10, 11]. Finite-horizon propagation-of-chaos constants can grow with the horizon, and
time-averaged bounds do not control a physical-time (fixed-time or last-iterate) law; uniform-in-time
full-law control is therefore delicate. Our result concerns a continuous-time Gaussian-score projection
with exact Gaussian expectations, not the ordinary unprojected SVGD particle system.

In the arXiv version of Liu et al. [12], Theorem 3.7 gives a Gaussian-target, pointwise-in-
time expectation bound with a constant uniform in time under Gaussian i.i.d. initialization. For
general targets, their Theorem 4.3 derives the exact-moment affine representation and is followed
by a qualitative conjecture of uniform-in-time mean-field convergence. We formulate a stronger
quantitative version, making the sampling model explicit.

Open problem 1.1 (Quantitative exact-moment conjecture). For a possibly non-Gaussian target
satisfying V € C?(R?) and al < V2V < $I, initialize the projected Ki(z,y) = 2"y + 1 particle
system with i.i.d. samples from a full-rank Gaussian law pg. At fixed dimension, can one place the
time supremum inside the expectation, retain the sharp Gaussian empirical-measure rate, and obtain
a physical-time last-iterate bound to the reverse-KL optimal Gaussian?



Exact moment closure alone does not answer this question. The empirical law retains a stan-
dardized shape that affine dynamics transports rather than Gaussianizes, while the moment vector
field becomes sensitive near the positive-definite boundary. We resolve both issues under global
strong convexity and a bounded continuous Hessian, without assuming a third derivative or a
Hessian-Lipschitz modulus:

1. a square-root-coordinate energy yields semiglobal all-time stability on every energy sublevel;

2. a deterministic oracle separates moment mismatch from a time-independent standardized-shape
discrepancy;

3. Gaussian matching and log-Wishart estimates give the sharp expected N-rate, a high-probability
upper bound, and the endpoint N =d + 1; and

4. the exact finite-particle limit retains a positive shape floor.

A scalar counterexample delineates the scope of the first item: the semiglobal Euclidean Lipschitz
estimate used here cannot be replaced by one initialization-uniform constant over the full positive-
definite cone.

2 Model and main results

This section defines the projected moment and particle dynamics, then states the deterministic oracle,
its probabilistic consequences, and the exact finite-particle limit. We close with the assumptions
that delimit their scope.

Let d > 1 be fixed and let

m(de) = Zyte V@ dz, Ve CU(RY),
where Zy < 0o by strong convexity and, for constants 0 < a < 5 < oo,
ol <V (z)=<pI, xeRL (2.1)

We use W for the quadratic Wasserstein distance on Py(R?) and T wv for pushforward by T'. Vector
norms are Euclidean; matrix norms carry subscripts F or op. For ¢ = (i, A) € R? x Sym(d), the
product norm is [|q||* = |u|® + || A||%. For every ¥ > 0, £/2 denotes its principal symmetric square
root, and
d . d 1/2
Q=R" x84, g = (1, A) = (1, 2?).

We also write 74 = N(0,1;), set uy = max{u,0} and log, z = (logz)4, and define drv(P, Q) =
supg |P(B) — Q(B)|. Unless indexed otherwise, C, ¢ > 0 may change from line to line and depend
only on the fixed problem data in the relevant statement, never on N, ¢, or a tail parameter.

For (u,%) € R? x S¢ | define the exact Gaussian moments

m(p,¥) =Enn) [VV(X)],  T(2) = Exs)[VV(X)). (2.2)
The Gaussian mean-field moment flow is

o= =T~ 1+ |ul*)m, (2.3a)
¥ =28 - S(ET 4 pum') — (I 4+ mu )X, (2.3b)



where m = m(ug, 3¢) and T' = T'(ug, X¢). We write pr = N (g, 2¢) for the solution starting from
fixed pg € R% and ¥g > 0.
Given initial points X1(0),..., Xn(0), set

it = ;,ZXi(t), e = Ji]Z(Xi(t) — 1) (X(t) = i) " (2.4)

With

~

my = m(fie, Xt), 1Aﬂt = I'(pt, it);
the projected particle system is
Xi(t) = O Xi(t) — iy,  Cp=T—T,5 —ifi) . (2.5)

This is the Gaussian-score projection associated with K7; it is not the ordinary, unprojected SVGD
particle system. Define

L
(Nt = N ; dx,(t)-

For Theorems 2.2 and 2.4, the initial points are drawn independently from N (19, ¥¢). Under this
Gaussian initialization, all particle paths and standardized quantities are assigned an arbitrary
fixed value on the null event {f]o % 0}. On its complement the paths and Gaussian moments are
continuous in ¢, hence so is t — W3(Cy+, pt). Consequently

sup WQZ(CN,ta pt) = Ssup WZQ(CN,t7 pt)') (26)
t>0 teQ4

so every random supremum below is measurable.
For Z ~ ~4, use the constant-free energy representative

F(u,A) =EV(n+ AZ) — logdet A. (2.7)

Then KL(N (1, A?)||7) = F(u, A) + ¢y, where ¢, = log Zy — %(1 + log(2m)). Let ¢ = (ps, Ax) be
the unique minimizer, put ¥, = A? and p. = N (s, X+), and define

Kr={q: F(q) — F(q:) < R}. (2.8)

Section 4 proves that these sublevels are compactly contained in the positive covariance domain.

We first state the deterministic result from which the probabilistic all-time estimates are lifted.
Given a deterministic cloud z1, ..., x5 with empirical mean jiy and covariance ¥y = 0, choose any
whitening matrix Ry satisfying RoﬁoR(—)r = I and set

N
N 1
zi = Ro(z; — o), =5 Zl Oz (2.9)
1=
The value of Wa(ny,v4) does not depend on the whitening: two whitening matrices differ by a left
orthogonal factor, and 7, is rotation invariant.

Theorem 2.1 (Deterministic localized oracle). Let qp = (uo,Eéﬂ), let ¢¢ = (ut,Z%ﬂ) be the
solution of (2.3), set pr = N (e, X¢), and let (¢ be the projected particle solution from an arbitrary



deterministic cloud with 3o = 0. Put gno = (ﬂo,iéﬂ). For every 0 < R < oo there are finite
constants Sg and bgr, depending only on R,d,V, such that, whenever qo,qn,o € Kg,

igg WE(Cnt, pt) < 25% [lano — qol|* + 205 W3 (N, 7a)- (2.10)

Both the mean-field and particle solutions are global under these conditions. No independence or
distributional assumption on the initial cloud is required.

In particular, any sequence of full-rank deterministic or dependent clouds lying in a common
sublevel and satisfying ||gn,o — qo||2 + W2(nn,74) — 0 converges uniformly in physical time.
For an unambiguous statement at every admissible N, let

N=H1 +loglog(e® + N)}, d=1,
rg(N) =< N1 +log N)?, d=2, (2.11)
N—2/d, d> 3.

Thus, asymptotically, the first two rates are N~1loglog N and N~!(log N)?2, respectively. The
regularization inside the logarithms only makes these rates finite for every admissible sample size.
We now specialize the oracle to Gaussian sampling, first in expectation.

Theorem 2.2 (Uniform-in-time particle convergence). Assume (2.1), fix d > 1, ug € R, and
o € SSIH_, let N > d+ 1, and draw the initial particles i.i.d. from N (uo, o). Then io > 0 almost
surely, the systems (2.3) and (2.5) have global solutions, and there is a finite constant C, depending
only on d,V, ug, X9, such that

B |sup WG )| < Cra), (2.12)

In particular, the same bound holds with the supremum outside the expectation. The constant is
independent of N and t.

The next proposition shows that the expected rate cannot be improved in its N-dependence,
even before the dynamics starts.

Proposition 2.3 (Sharpness in particle number). Under the Gaussian i.i.d. initialization of Theo-
rem 2.2, for every fixed d, po, and Lo = 0 there is ¢ > 0 such that

E {sup W3 (N, pt)] > crg(N), N >d+1. (2.13)
£>0

Thus the N-dependence in Theorem 2.2 is optimal in every fived dimension.

Proof. At time zero, (y o is the empirical measure of N i.i.d. samples from py = N (10, Xo). Applying

the invertible affine map x — pg + E(l)/ %2 to the standard Gaussian empirical matching problem,

with &; X Y4 and vy = N71Y" 0, gives
EW3 (N0, 0) > Amin(S0)EW5 (Un, 7a)-

The expectation on the right is bounded below by cgrg(IN): in dimension one this is the two-
sided Gaussian order-statistic estimate of Bobkov and Ledoux [5, Corollary 6.14] for EWZ; in
dimension two it follows from the nonstandard two-sample Gaussian matching lower bound of
Talagrand [16, main result and display (1)] (if vy is an independent copy of vy, then W3 (vy, vjy) <
2WE(vn,va) + 2W3 (v, 7a)); and for d > 3 it is the Gaussian matching lower bound of Ledoux and
Zhu [9, Theorem 1.1]. Since time zero is included in the supremum, (2.13) follows. Reducing the
constant handles the finitely many nonasymptotic sample sizes. O



The same decomposition also yields exponential concentration around the dimension-dependent
statistical scale.

Theorem 2.4 (High-probability all-time convergence). Under the assumptions of Theorem 2.2, there
are constants C,c,co > 0, depending only on the fized problem data, such that for every N > d+ 1
and 1 <z < coN, there is an event Hy(x) with P(Hy(2)¢) < Ce™** on which

x
sup W3(Covas pr) < C (ra(N) + 1) (2.14)
>0
On Hy(x), simultaneously for every t > 0,
L —2c
W3 (Cnts pe) < C {rd(N) +5Te 2 t} : (2.15)

Equivalently, for Ce=*N < § < 1/2, the statistical term is C{rq(N)+ N"'log(C/8)} with probability
at least 1 — 9, after changing the fized constants.

Combining all-time particle control with convergence of the mean-field flow gives a last-iterate
guarantee rather than a time-averaged one.

Corollary 2.5 (Physical-time last iterate). Under the assumptions of Theorem 2.2, there are
constants C,c > 0, depending only on the fixed problem data, such that for all t > 0,

EW3(Cn, pi) < Clra(N) + e >}, (2.16)
Consequently, once t > (2¢)"!log, (1/ra(N)), the error is at the statistical scale O(rq(N)).

The deterministic dynamics has an exact limit at every fixed particle number; the residual
discrepancy is precisely an affine shape error.

Proposition 2.6 (Exact finite-particle limit and shape floor). Let a deterministic full-rank cloud
and mean-field initialization satisfy qno,q0 € Kg for some R > 0. There exist Cr < 0o, Ag > 0,
and an invertible matric Boo with BOOB;—o = 3, such that, for

CN,oo = (#* + B ')#nNa (217)
one has
W3 (Cnts CNjoo) < Cre 2 L (2.18)
Jim Wa Qs pr) = Wa (o0 i) (2.19)
Moreover,
Amin (Z6) W3 (8, 7a) < W3 (CN 005 Px) < Amax(S) W3 (113, Ya)- (2.20)

The constants Cr and g depend only on R,d,V ; the matriz Bo, may depend on the initial cloud
and the whitening coordinates, while the law (N o does not. Thus the moments converge exactly to
(1, X ), while every full-rank finite cloud retains a strictly positive full-law error.

This shape floor persists for a fixed non-Gaussian sampling law, even as the number of particles
grows.



Corollary 2.7 (Non-Gaussian initialization is not Gaussianized). On one probability space, let
(Xi)i>1 be an infinite i.i.d. sequence from a non-Gaussian law Py having a density, positive-definite
covariance Xq, and finite second moment. For each N > d + 1, initialize the particle system with
X1,..., XN and define (N oo by Proposition 2.6 on its almost-sure full-rank event. Write

o= (x5 (@ - Ep, X)), Po.
Put Dy = Wa(no,~vq) > 0. Then, almost surely,
Amin(Z4) D3 < lin inf W3 (CN .00, px) < limsup W2 (N oo P5) < Amax(Zs) D3 (2.21)
(o]

N—o0
In particular, the limiting error is bounded away from zero; if Xy = o2I, it converges to UfD%.
Thus Gaussianity is a structural consistency condition for a fixed i.i.d. initialization law in Theo-
rems 2.2 and 2.4, not merely a convenient source of concentration. This does not preclude consistent
deterministic or N-dependent designs covered by the oracle.

Remark 2.8 (Scope). The probabilistic theorems concern continuous time, exact evaluation of (2.2),
fixed dimension, Gaussian i.i.d. initialization, and the projected system (2.5). The deterministic
oracle does allow arbitrary full-rank initialization. These are not dimension-free results or theorems
for ordinary SVGD, Euler discretization, or Monte Carlo estimators of m and I'. Since every
centered N-point covariance has rank at most N — 1, the restriction N > d + 1 is necessary for this
unregularized positive-definite dynamics.

3 Proof overview

This section gives the mechanism behind the results and records where each technical step enters.
Complete arguments, including the endpoint and rare event calculations, are developed in Sections 4—
7.

In square-root coordinates ¢ = (i, A), the energy in (2.7) has second variation

D?*F(u, A)[(u, H), (u, H)] =E[(u + HZ)"V*V(u+ AZ)(u + HZ)] + tr(A'HA'H),  (3.1)

which is at least o(|u|® + ||H||%). TIts sublevels are compactly contained in Q. The moment flow can
be written as ¢ = —P(q)VF(q) with a positive-definite mobility P(q); on each sublevel, P(q) = prl.
This yields exponential convergence to g.. For two trajectories, a Gronwall bound controls the
common compact sublevel until both enter a fixed neighborhood of ¢,. There the linearization is
dissipative in the D?F(g,)-norm, and patching the two regimes proves the all-time stability estimate.
Section 4 and Section 5 give the details.

The particle equation is affine. Its empirical moments solve the same closed ODE, and a
fundamental matrix L; gives

Xi(t) = i + Li{ X:(0) — Tio}, S = LiSoL, . (3.2)

After whitening the initial cloud, both the empirical law and its moment- matched Gaussian are
pushforwards by the same affine map. Consequently,

Amin(it)w22(77]\f77d) < W22 (CN,taN(ﬁta i\]t)) < Amax(it)m/g(n]\f)f}/d)' (33>

Combining this with semiglobal moment stability proves the deterministic oracle. Exponential
moment convergence also makes the affine coefficient integrable, producing the limit and the two-
sided shape floor in Proposition 2.6. These arguments are in Section 6.



For Gaussian initialization, concentration of the sample mean and covariance places the empir-
ical initial state in a deterministic common sublevel, while Gaussian empirical matching controls
Wa(nn,7va). This proves the high-probability theorem directly from the oracle. For the expectation,
the rare nearly singular event cannot be discarded; energy decrease reduces its contribution to a
log-determinant moment. Bartlett’s decomposition gives a sum of log Xi variables whose second
moments remain bounded even when N = d + 1. Cauchy—Schwarz then makes the rare-event
contribution exponentially small. Section 7 contains the full localization and matching argument.

4 Reverse-KL geometry in square-root coordinates

This section identifies the gradient-flow structure behind the moment ODE. We first compute its
Stein mobility and then use square-root coordinates to obtain strong convexity, compact sublevels,
and quantitative convergence.

All matrix tangent and cotangent variables below lie in Sym(d), equipped with the Frobenius
inner product. The product inner product is

((a,B), (u, H)) = a'u + tr(BH).
For X ~ N (u,Y), the exact reverse-KL energy is
£(1,%) = KL (g, 3)|7) = EV(X) — %log det S + e (A1)
Lemma 4.1 (Energy gradient and Stein mobility). For m and T from (2.2),
V,.E =m, V€ = %(F —x7h. (4.2)

For (a, B) € R? x Sym(d), define

My5(a, B)ly = 2BSpu + (1+ |pf)a, (4.3a)
(M,.5(a,B)]s = %(25B + pa') + (2B + ap’)S. (4.3b)

Then )
((a, B), M,.5:(a, B)) = HQBZ”“THF +lal?. (4.4)

In particular, M, s, is symmetric positive definite, and (2.3) is precisely
(1, 5) = ~ M, VE(u, D). (45)
Proof. For H € Sym(d) and all sufficiently small £, Gaussian differentiation (Price’s identity) gives

d

1
D,EV(X)[u] = u'm, TEN e V(X)| =5 tr(TH).

e=0

The growth needed to differentiate under the integral follows from (2.1); differentiation of the log
determinant then proves (4.2).
More generally, direct expansion gives the bilinear identity

((a,B), M, x(d',B")) = <QBE +ap',2B'S + a’,uT>F +a'd. (4.6)



The right-hand side is unchanged when the primed and unprimed variables are interchanged, so
M, 5 is self-adjoint. Taking the two arguments equal gives

jaf? + |uf? [af* + 4" BSp + 4 tx(BE2B),

which is (4.4); it vanishes only when a = 0 and B = 0 because ¥ > 0. Substituting a = m and
B = (I' - X71)/2 in —M(a, B) yields (2.3a) and (2.3b). O

Recall that ¢ = (u, A) with A = $'/2 and that F is defined by (2.7). Thus &(u, A%) = F(u, A)+cx,
so the two energies have identical derivatives in these coordinates.

The next lemma supplies the strong convexity and coercivity used throughout the stability
analysis.

Lemma 4.2 (Regularity, strong convexity, and coercivity). The function F is C? on Q and, for
(u, H) € RY x Sym(d),

D2F (1, A)[(u, H), (u, H)] = E [(u +HZ)TV2V (u+ AZ)(u + HZ)}
+tr(ATTHAT H)
> a(lul* + |1HI). (4.7)

Moreover, F' has compact sublevel sets in Q and hence a unique minimizer ¢, = (i, Ax).

Proof. The Hessian bound implies |VV (z)| < C + 8 |z| and |V (z)| < C(1 + |z|*). The first two
derivatives of V(i + AZ) are therefore dominated locally in (i, A) by integrable polynomials in Z.
In particular,

DF(u, A)[u, H = E[VV(u+ AZ) " (u+ HZ)] — tr(A"1H).

On a compact parameter neighborhood the integrands in the first and second variations are bounded
respectively by C(1 + |Z|)? and C(1 + |Z|)?. Since V2V is bounded and continuous, dominated
convergence gives F' € C? and the displayed second-variation formula. The first term in (4.7) is at
least

o |u+ HZ* = af|ul* + | H|}),

and the log-determinant term is nonnegative because tr(A"'HA™1H) = HA_1/2HA_1/2H;
Let 2y be the unique minimizer of V' and set ¢y = V(xy). Strong convexity gives, with aq, ..., aq
the eigenvalues of A,

d
« (6%
F(uA) > ey + S lu—avl + <§a? —logaj>. (4.8)
=1

The right-hand side diverges if [u[ — oo, if an eigenvalue of A tends to zero, or if ||A]|,, — oc.
Thus every sublevel is compactly contained in Q. Existence follows by compactness and uniqueness
by (4.7). Under the bijection ¥ = A2, this minimizer corresponds to the unique reverse-KL optimal
Gaussian py = N (i, Xy), with ¥, = A2, O

Let ®(u, A) = (u, A?). Tts differential is

Jo(u, H) = (u,AH + HA). (4.9)



The Sylvester map H — AH + HA is invertible on Sym(d) when A > 0. The chain rule and
Lemma 4.1 therefore transform the moment flow into

i=flq)=-P@VF(q), Plg)=J;,"MaJ; . (4.10)

Here P is smooth, symmetric, and positive definite. Lemma 4.2 gives VF € C', and therefore
f=—PVF € CY(Q). This is the only local ODE regularity used below.

Proposition 4.3 (Sublevel ellipticity and convergence). For R > 0, recall
Kr={qe€ Q: F(q) — F(q:) < R}.
There are Mg, agr,br > 0 such that on g,
|u| < Mg, apl < A < brl. (4.11)
For R > 0, one may take

min(1, 4a},)
14+ M%) max(1,4b%)

P(q) = prl, PR = o > 0. (4.12)

If R > 0, every solution of (4.10) starting in Kr is global, remains in Kg, and satisfies

F(q:) — F(g.) < e PR F(qo) — F(g.)}, (4.13)
lge — .l < V2R/aeoPr. (4.14)

For R =0, the only trajectory is q¢; = qx, which is global and stationary.

Proof. For R = 0, uniqueness gives Ky = {¢.}, so all claims follow with the stationary trajectory
¢t = ¢«. Assume henceforth that R > 0. The bounds (4.11) follow from Lemma 4.2. To prove (4.12),
put s = Apin(2) and U = 2BX. Then

2
101G +laf? < 20+ P[0 +an"|| + 1P},
whereas
IU1% + lal* > min(1,4s%) (| B|I + |af*).

Thus

min(1, 4s?)

[,L,E N N

2(1+ |uf?)
Since s > a% and HJqup < max(1,4b%) on Kg, the congruence P(q) = J; ' Mgy J; T gives (4.12):
indeed, [[7;T2]| > IIzl / 141l

Strong convexity and the fact that the segment from ¢ to the interior minimizer g, remains in Q

imply the Polyak-Lojasiewicz bound

IVF(q)|* > 2a{F(q) - F(q.)}. (4.15)
Along the flow,

S {Fa) ~ Fla)} = ~VF(@) P@)VE(@) < ~20pp{F(a) ~ Fla.)}

This proves invariance and (4.13). Strong convexity also gives F(q) — F(¢) > (a/2) |lq — ¢+ %,

proving (4.14). Finally, a local solution trapped in the compact set X € Q cannot explode or reach
the positive-definite boundary, so the standard continuation theorem gives global existence. O



5 Semiglobal all-time stability

The next lemma is the deterministic core of the argument. Its constant is uniform in time but is
allowed to depend on the initial energy sublevel.

Lemma 5.1 (Semiglobal uniform stability). For every 0 < R < oo there is Sg < oo such that any
two solutions of (4.10) with qo,qo € Kgr satisfy

sup [lgt — @|| < Sk |lgo — ol - (5.1)
>0

If R > 0, there also exist Tr, Dr,kr > 0, depending only on R,d,V, such that
lae — @l < Dre "70=TR) ||go — o], t > Tg.

Proof. The argument has two regimes. Sublevel invariance first gives a common compact set and
hence an early-time Gronwall bound; exponential energy decay then brings both trajectories into a
neighborhood of ¢, where a fixed H,-norm is contractive. Patching the estimates yields the all-time
constant and eventual exponential decay.

The case R = 0 is immediate. Suppose R > 0 and set

H* - DQF(Q*>7 P* - P(Q*>a Ry = )\min(P*)Amin(H*> > 0.

Since VF(g.) =0,
Df(qs) = —P.H.,.

In the fixed norm HUH%* = v Hyv, write cond(H,) = Amax(Hx)/Amin(Hs). Then
v H.Df(q.)v = —(H.v) " Pu(How) < =k ||v]3,, . (5.2)
Continuity of Df gives o > 0 such that the convex ellipsoid
U={q:|lg—a:ly. <o} €Q
satisfies, for all ¢ € U and all v,
oTH.Df (@) < =5 |lol, (5.3)
Indeed, continuity is used here to control the symmetric part of H,D f:

sup |vT HADf(q) ~ Df(@)}o| — 0 (4= g.).

ol g, =1

For e = ¢ — g4, the segment formula and f(q.) = 0 give

1
fq) — f(gx) —/O Df(q« + 0e)eds.

Consequently, whenever the segment lies in U,

d 1
Gila =l =2 [ T H.Df (. + beerdd < —n. el (54)
0

10



Since every concentric ellipsoid is convex, the usual first-exit argument applied to (5.4) shows that
each closed concentric ellipsoid contained in U is forward invariant.
If ¢+ and @ lie in the same such ellipsoid, then the segment joining them also lies there and

fla) — F@) = /0 DF (G +0(ae — @) ae — @) db.

Thus p
~ 2 ~ 12
g e = @l < —rllae = @l - (5.5)

By (4.14), all trajectories starting in Kr enter the ellipsoid of radius /2 no later than

1 (8Amax(H*)R> '

- (5.6)

Before Tg, all trajectories remain in the convex compact set
Cr={(u,A): |u| < Mg, arpl K A<brl} € Q.

Let (g = supgec,, [|Df(9)llop < 00, where the operator norm is induced by the Euclidean-Frobenius
product norm. The segment between the two trajectories remains in Cr, so Gronwall’s inequality
gives

lge — Gell < e llgo — qoll,  0<t<Tg (5.7)

After Tg, both trajectories remain in the half-radius ellipsoid. Combining (5.5), norm equivalence,
and (5.7) gives

lge — @l < \/eond(H,) e ™ TRI2lrTR |0 — o, ¢ > Thg.

Together with (5.7), this proves (5.1) and the claimed eventual exponential decay. In particular, the
construction gives the explicit admissible choice

Sk = \/cond(H,) e'RTE, (5.8)
O

Remark 5.2 (Dependence of the stability constant). Finiteness of Sg requires no global bound on
V3V: continuity of D?F on the relevant compact parameter sets suffices. A closed-form upper
bound for Sk, however, requires a quantitative modulus of continuity for V2V on those sets. A
global bound on V3V is one sufficient, but not necessary, condition for such a modulus.

The synchronous coupling u + AZ and 1 + AZ gives the useful consequence

WE N (1, 4%), NG 3%) < o= 2+ 4= 4] (5.9)

6 Exact affine decomposition and shape error

We next derive the moment closure and affine representation directly from the particle system. The
resulting affine lift separates the evolving moment error from a time-independent discrepancy of the
standardized shape.

11



Lemma 6.1 (Exact closure and affine transport). If f)o > 0, the particle system has a unique global
solution. Its empirical moments solve (2.3) from (jig, X0) and remain positive definite. If Ly solves

L, = C,Ly, Lo =1, (6.1)

then
Xi(t) = pe + Le(X5(0) — o), (6.2)
S = LiSoL, . (6.3)

Proof. We first construct the particle solution, thereby avoiding any continuation argument that
presupposes positive definiteness of its empirical covariance. Let

QtN = (/LiV’AiV)v Eiv = (Aiv)2’

be the global solution of (4.10) from (i, i(l]/ 2), whose existence follows from Proposition 4.3. Along
this trajectory define

mi =m(u 2, T =T, 5Y), G =1-TFsY —m¥ ()",

and let L; be the global solution of Lt = CtNLt, Lo = 1. Now set

Xi(t) = pf¥ + L X:(0) — fio}- (6.4)
Its empirical mean is ,uiv . Its empirical covariance

S = LiSoL,
solves B L B R
S =CNS +5(CN)T, B =5,
The covariance equation in (2.3) can equivalently be written
uY =osy + V(e
Uniqueness for this linear matrix equation therefore gives 3 = YN, Likewise, the mean equation is
Y = ONulN — mYY. Differentiating (6.4) now verifies
Xi(t) = CNX,(t) = my",

so the constructed paths solve (2.5) with their own empirical moments.
For completeness, any local particle solution with positive-definite empirical covariance satisfies,
by averaging and centering,

n=Cp—m, S=0%+30/].

These are exactly (2.3); uniqueness of the g-flow forces its moments to equal (i), ¥1V). Its centered
particles then solve the same linear equation Y; = C}VY; with the same initial data, proving uniqueness.
Finally,

t
det L, :exp</ trC';Vds) # 0
0

for every finite ¢, so £V = LthgL;r >~ 0. Since both the global g-flow and its linear lift exist on every
finite interval, this proves all claims, with (u¥,2N) = (fig, 2). O
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Henceforth write

ave = (A 27 (6.5)
for this empirical-moment trajectory.
Write the initial particles as
iid
Xi(0) = o+ 2026, &R N(0, 1), (6.6)
and define
X 1 ) o
E=5D & 8= NZ@—W&%W (6.7)
i=1 i=1
For N > d+1, 5 > 0 almost surely. Let
N
g2 £ - — -
=816 -8, av= 2;5 Y4 = N(0, Iy). (6.8)

This is precisely (2.9) with the whitening Ry = 5_1/2281/2.
The following estimate relates the standardized shape to an ordinary Gaussian empirical measure
without using inverse sample-covariance moments.

Lemma 6.2 (Standardized shape error). Let N > d+ 1, let &1,...,&n be i.i.d. standard Gaussians,
and define &, S, zi,nn, and vq by (6.7)—(6.8). Then

N
T3 e gl = |- 51/2”; + &P < 1= S| +|E* (6.9)
=1

Moreover, there is Cq < oo, depending only on d, such that
EW3 (nn,7a) < Cara(N). (6.10)
Proof. Since N713".(& — &) = 0, the cross term vanishes in
—G=(5""2-DE -9 -¢&

Using the definition of S gives

= Z (572 = )i - 5)‘2 = tr{(S72 = DS(ST2 - D} = |1 - SI/QH;

The scalar inequality ‘1 - ﬁ’ < |1 — A| for A > 0 proves (6.9).
Let vy = N1 > i 0¢,. Coupling by index and using the squared triangle inequality yields
512
EW3 (v, va) < 2B{||T - SH% + €]+ 2EWS (Vi 7).
Because NS is Wishart with N — 1 degrees of freedom, the first expectation is explicit:

(N - 1)d(d+1)+d
N2 '

_9 d
Eff=+ EIS-IJ3= (6.11)
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For the remaining empirical-matching term, the d = 1 estimate is the p = 2 Gaussian bound of
Bobkov and Ledoux [5, Corollary 6.14]; the d = 2 estimate is due to Ledoux [8, Theorem 1]; and for
d > 3 the claimed rate follows from Ledoux and Zhu [9, Theorem 1.1, with p = 2|:

EW3 (v, v4) < Cara(N).

The finitely many sample sizes excluded by an asymptotic formulation of these estimates are absorbed
by enlarging Cy. Since N=! < Cyry(N), this proves (6.10). O

To transfer the standardized discrepancy through the particle dynamics, we record a two-sided
bound for every invertible affine map.

Lemma 6.3 (Two-sided affine lifting). For any full-rank initial cloud, use the whitening and
standardized law in (2.9). Then, for every t > 0,

Aunin(COWE (v, 7)< WE (G N (e, 1))

N (6.12)
< )\max(Et)VVQ2 (77N7 ’Yd)‘
Proof. Set By = LRy, Then B;B] = L;SoL; = %, and (6.2) gives
(Nt = (= it + Brw)ynn. (6.13)

The same affine map pushes 4 to N ([, i\]t) Pushing forward any coupling of 1y and ~4 multiplies
its quadratic cost by at most HBtng = )\max(flt), proving the upper bound. Conversely, pull any
coupling of the two image laws back through the invertible affine map and use |Byu| > omin(Bt) |ul.
Taking the infimum over image couplings proves the lower bound because oyin(B;)? = )\min(it). O

Proof of Theorem 2.1. Lemma 6.1 gives a unique global particle solution and identifies its moments
with the g-flow from g . Since both initial moment states lie in g, Proposition 4.3 and Lemma 5.1
give

sup W3 (MGt S0, pr) < Sk llaxco — al”. (6.14)
t>

where we used the synchronous Gaussian coupling (5.9). Invariance of Kg gives /\max(it) < b%. The
upper bound in Lemma 6.3, followed by the squared triangle inequality, now proves (2.10). O

Proof of Proposition 2.6. The proof first uses exponential moment convergence to show that the
affine coefficient is integrable. Its fundamental matrix then converges to an invertible limit, which
identifies both the limiting empirical law and its two-sided shape floor.
Write
Clg) = I —T(u, A*)A* — m(p, A"

The coordinate map ® has invertible differential. Since g, is an interior minimizer, VE(ps, Xx) = 0;
hence
m (s, X)) = 0, (s, 2y) = 5778, C(gs) = 0. (6.15)

The map C is Lipschitz on each Kg. For m, this follows by synchronously coupling the Gaussians
and using the B-Lipschitzness of VV. For I', boundedness of V2V, Pinsker’s inequality, and the
Gaussian KL formula give, for ¢,q € Kg,

P, 4%) — TG, 22| < 2VdBdry (N (n AN G AY) < Crllg—dll. (616)
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The last inequality holds because the Gaussian KL divergence is bounded by Cr |l — g||* on the
compact covariance box containing Kr. Set A = apg. Proposition 4.3 and (6.15) therefore imply

o0
ICanallop < Cre ™, [ Cla Dl di < 0. (6.17)
0
The fundamental matrix from (6.1) consequently satisfies

-1
gg(llLtHop L ]p) < oo
Indeed, this follows by Gronwall for L; and for %Lt_ - —-L; el (gnt). Moreover,

Lo = I+/ C(gn,s)Lsds
0

exists, is invertible, and || Ly — Loo||p < Cre %!, Invertibility is explicit from

-1

Set By = LtRal and By, = LOORal. Because gy € Kr,
12 a
HRO 1Hop = Amax(EO) < b2 )

80 || Bt — Boo|lp < Cre *R!. Passing to the limit in B;B] = S, gives BBl = %.. Since the
standardized cloud has zero mean and identity covariance, coupling particles by index yields

N
- 1 ~
W22(CN,t7CN,OO) S ’,Ut - ,ka‘2 + N Z ‘(Bt - Boo)»?fz‘2 = ‘Mt - M*’Q + HBt - BooHI%‘v
i=1

which proves (2.18). Metric continuity and p; — p. prove (2.19); applying the two-sided lifting
argument to By, proves (2.20). Finally, ny is finitely atomic and 4 is non-atomic, so their Wasserstein
distance is strictly positive. Equivalently, Oy, = 3, Y 2BC>Q is orthogonal: the dynamics optimizes
the Gaussian moments but can only rotate, not Gaussianize, the standardized initial shape. If

4 = ORy is another whitening, with O orthogonal, then 1y, = Ogny and Bl = By OT. Hence
the pushforward in (2.17), and therefore the limiting empirical law, is independent of the chosen
whitening coordinates. O

Proof of Corollary 2.7. Let Py = N~1%", dx,(0) and use the principal empirical whitening in (2.9).
The empirical Wasserstein law of large numbers gives Wa(Pp, Py) — 0 almost surely; the sample

. S-1/2 —-1/2 . .
mean and covariance converge almost surely as well. Hence ¥, '~ — X, "". Coupling corresponding
sample points and then applying the fixed limiting affine map shows

Wa(nn,m0) — 0 almost surely.

On the same probability-one event, every N > d + 1 cloud is full rank and its moment state has
finite energy, hence belongs to some sublevel . The two-sided comparison below is independent
of that cloud-dependent sublevel. Explicitly, the squared cost of replacing the empirical centering
and whitening by their population values tends to zero by the sample second-moment law of large

251/2 W (Pn, Py). Taking the lower limit in the
op

numbers, while the remaining term is at most ’

lower bound and the upper limit in the upper bound of (2.20) proves (2.21). Here Dy > 0 because
No = ¢ would imply that Py itself is Gaussian. O
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7 Localization and proof of the main theorem

This section upgrades the deterministic oracle to the expected and high-probability theorems. A fixed
well-conditioned event supplies a common energy sublevel, while a log-Wishart estimate controls its
rare complement.

Fix 9 = 1/4 and define the good event

Gy = {[¢| <o, IS~ 1ll,p < €0} (7.1)
Lemma 7.1 (Good-event control). There are constants Cg,cq > 0 such that, for all N > d+ 1,
P(G%) < Cge N, (7.2)

There is a deterministic R < 00, depending only on the fived problem data, such that on G both

q0 = (o, 23/2) and gy = (fto, X 51/ ) belong to Kr. Furthermore, there is C' < oo, depending only
on d, o, 2o, such that

C
E[IGN lgn0 — (Jollﬂ <y (7.3)

Proof. Since VN & ~ N (0, I), the Gaussian mean has an exponential tail at the fixed threshold &.
Furthermore,

1 N
=5 Z &g — 1) — &€

Thus

€0
> i
2
op

P([S = Illop > o) ( do&g -1
+ IP(

}£| > €0/2).

For each fixed pair of coordinates (7, k), the centered variable &;;&;; — d; has a subexponential norm
bounded by a constant independent of 7. Scalar Bernstein’s inequality, a union bound over the d?
entries, and fixed-dimensional norm equivalence bound the first probability by Cye~%"; a Gaussian
tail gives the same bound for the second. Together with the mean event in (7.1), and after enlarging
Cy for the finitely many small sample sizes, this proves (7.2).
On G N,
Fo = po + 2(1)/25_, So = 2(1)/2525/2,

and R
(1 - 50)>\min(20)1 = E0 = (1 + EO)AmaX(EO)I-

Thus gy, ranges over a fixed compact subset of Q; continuity of F' places it, together with ¢, in a
deterministic sublevel Kg.
For positive definite C, D, the identity

C-D=CY?’Xx +xDY? X =cCY?-DY?

and the Frobenius pairing give

(C =D, X)p > (VAin(C) + vV Amin(D)) | X7
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Cauchy—Schwarz therefore implies

H01/2 D1/2H |C = Dllg (7.4)
\/)\mm ) + \/)\mln(D

On Gy the denominator has a deterministic positive lower bound. Since

~ 1/2 f

|10 — o] < HEO/ H €],

op
|Z0 = %o < 1ol 15 = Tlle

the square-root bound (7.4) and the exact moments in (6.11) prove (7.3). O

Proof of Theorem 2.4. We intersect concentration events for the empirical measure, mean, and
covariance. These events place all empirical initial states in one deterministic sublevel, so the oracle
applies with constants independent of N and x.

Let vy = N1 >; 0¢;- Matching corresponding atoms shows that the map

(&15-- -, &N) — Wa(vn, va)

is N~/2Lipschitz on R . Gaussian concentration and (EWy)? < EW3 < Cyrg(N) therefore give

P{Wi(un,a) > C (raN) + ) } < x> 1. (7.5)

Indeed, outside an event of probability e, Wa(vn,vq4) < EWa(vn,v4) + /22 /N, and the squared
triangle inequality gives (7.5). B

Fixed-dimensional Gaussian concentration for £ and scalar Bernstein concentration applied to

every entry of N~! Zz(ﬁlﬁj —I) imply that, for 1 <z < ¢yN, outside an event of probability Ce™“*,

142 1
‘ ‘ +”S IHF<C ’ HS IHop— 2

(7.6)

Here ¢y > 0 is reduced, if needed, so that the second assertion follows from the usual Bernstein scale
Ca{\/x/N + x/N}; indeed, z/N < ¢y throughout the stated range. On the intersection of the good
events underlying (7.5) and (7.6), the square-root estimate (7.4) gives

T

Wi (nw,7a) < C (ra(N) + ) - (7.7)

14z
lan,o — qol* < C ~
The second bound follows from the residual identity and coupling the atoms z; with &;. Moreover,
all gn o on these events, together with the fixed g, lie in one deterministic energy sublevel Kp, :
the covariance eigenvalues stay in a fixed compact interval, and the sample means stay in a fixed
ball because z < cgN. Here Ry, depends only on the fixed problem data and the chosen ¢y, not on
N or z. Denote this intersection by Hy(x); the preceding bounds give P(Hy(z)¢) < Ce ",

The deterministic oracle (2.10), the fact that r4(N) > N~!, and a union bound prove (2.14).
For the last iterate, Proposition 4.3 and the synchronous Gaussian coupling give the deterministic

estimate 2 Flao) — Fla)}
Wi (pr, pi) < 20 BI e 2Ph! Rig =1+ Fla0) — Flgs)- (7.8)

«

Combining this with (2.14) by the squared triangle inequality proves (2.15). Finally take z =
¢ 'log(C/§) and rename the fixed constants to obtain the confidence-level formulation. O
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On the good event, Lemmas 5.1 and 7.1, together with (5.9), imply

~a C
E[lGN sup W3 (N(ut,Et),pt)} < N (7.9)
>0

Invariance of KCr also gives a deterministic upper bound for sup, /\max(flt) on Gy. Hence Lemmas 6.2
and 6.3 yield

E [101\, sup W22 (CN7t,N(ﬁt, iﬁ)] < Crq(N). (7.10)
>0

The complement of G5 cannot simply be discarded: there the sample covariance can be arbitrarily
close to singular. The following lemma is the required weighted tail estimate.

Lemma 7.2 (Weighted control outside the good event). There are constants C,c > 0, depending
only on d,V, ug, X9, such that

E|1gg, sup WZQ(CNyt, p)| < Ce N, N>d+ 1. (7.11)
>0

Proof. We first dominate the entire path by the initial energy, reduce that energy to polynomial
moments and a log determinant, and then use a uniform log-Wishart second moment with Cauchy—
Schwarz on G-

For a probability law v, write My(v) = [ |z|* dv(z). The independent coupling through the
origin gives

W3(v,7) < 2Ms(v) + 2My (7). (7.12)

For the particle cloud, R
Mo (Cn) = |l + tr S = [lgne ]

Strong convexity of F' and energy decrease along the random moment flow give

sup M (Cni) < C{1+ Fgn0) — F(g:)}- (7.13)

t>0

The upper Hessian bound on V' gives
Flgn,o) — F(g.) < C{1 + |fio|* + tr Zo + (— log det Z)+ }. (7.14)
Indeed, Taylor’s theorem and the upper Hessian bound imply V(z) < C(1 + |£C|2), SO
EV (o + £/°2) < C{1+ [0l + tr So

the entropy term is —% log det io, whose positive contribution is exactly one half of (— log det §0)+.
Define R R
Zn =1+ |fio]* 4 trZg + (—log det %) ;.. (7.15)

All log-determinant quantities here and below are evaluated on the almost-sure full-rank event; on
its null complement they inherit the fixed extension specified after (2.5).
We next prove

sup EZ3% < oo. (7.16)
N>d+1
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The polynomial terms have uniform moments of every fixed order: the sample mean is Gaussian
with uniformly bounded covariance, while tr £y is bounded above by a fixed multiple of N1, |£¢\2.
For the remaining term, Bartlett’s decomposition [1, Lemma 7.2.1] gives

d
NS ~ Wishartg(N — 1,1),  det(NS) £ [[¥n-j, Yi ~x} independently. (7.17)
j=1
For s in a neighborhood of zero,
[(k/2+s)
L'(k/2)
Differentiating the cumulant generating function of log Y, at zero gives the digamma and trigamma
identities

EY; = 2°

Elog Yi = ¢(k/2) + log 2, Var(log Yi) = ¢1(k/2)
and hence the explicit formula
E [log(Ye/k)|” = v1(k/2) + {¢(k/2) +log2 — log k}*.

Here 1 (k/2) < 11(1/2), and the second term is uniformly bounded by the standard digamma
asymptotic ¢ (z) = log z + O(x~1), together with the finitely many bounded small values of k. Hence

sup E [log(Y3,/k)|? < oo. (7.18)
k>1

Now

d .
Yn_; N—j
logdetS—]E:l{logN_j + log N }

For fixed d and N > d + 1, the deterministic logarithms are uniformly bounded. Hence (7.18) and
(Z?;l aj)® < dZ?:l a? show that

sup E[(—logdet S)3] < oo. (7.19)
N>d+1
Since det 3y = det(3g) det S, the asserted uniform second-moment bound (7.16) follows.
Proposition 4.3 gives a deterministic uniform bound on Ms(p;). Combining (7.12)—(7.14) therefore

gives the pathwise estimate

sup W3 (Cni, pr) < CZy. (7.20)
t>

Cauchy—Schwarz, (7.16), and (7.2) now yield
E |16 sup W2(Cn, pe) | < CP(GS)V2(BZ3)Y? < Cem N/,
>0

Renaming ¢/2 proves (7.11). O

The algebraic endpoint is independent of the dynamics and follows from an affine-span character-
ization.

Proposition 7.3 (Exact full-rank endpoint). For any N points in R?, the centered empirical
covariance has rank at most N — 1 and is positive definite if and only if the points affinely span
Re. Consequently N > d + 1 is necessary for the unregularized positive-definite dynamics, and it is
sufficient almost surely for i.i.d. initialization from any distribution having a density.
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Proof. Y =[x, —Z,...,ox — Z], then Y1y =0 and £ = N~'YYT. Thus rank(3) = rank(Y) <
N — 1, and rank d is equivalent to affine spanning. Under a density, affine dependence of any fixed
d + 1 samples is a Lebesgue-null event. O

Remark 7.4 (Logarithmic control at the endpoint). At N = d + 1, the final Bartlett factor in (7.17)
has one degree of freedom. The covariance is positive definite almost surely, but Etr(S—!) = oo,
whereas E[(log x?)?] < co. This is why logarithmic-energy localization reaches the exact algebraic
endpoint.

Proof of Theorem 2.2. On Gy, the squared triangle inequality with the intermediate Gaussian
N (fi, 3¢), followed by (7.9) and (7.10), gives

E|lg, sup W3 (Cngpr)| < C{NT1+714(N)} < Crq(N).

Lemma 7.2 controls G%;,. Since e~N < Cry(N) for every fixed d, the two event contributions
prove (2.12). Almost-sure positive definiteness at time zero follows from Proposition 7.3; global
existence follows from Lemma 6.1 and Proposition 4.3. O

Proof of Corollary 2.5. Apply Proposition 4.3 to the deterministic initial condition. Since g, repre-
sents py, (4.14) and (5.9) give
WZQ(pt) P*) < Ce_zd

for a constant ¢ > 0. The squared triangle inequality and Theorem 2.2 prove (2.16). The statistical-
floor statement follows by balancing the two terms. O

8 Why a global Euclidean stability constant is impossible

The stability constant in Lemma 5.1 necessarily depends on an energy sublevel. The next proposition
rules out a uniform replacement.

Proposition 8.1 (No global Euclidean Lipschitz constant for the scalar flow). In dimension d =1,
there is a smooth, strongly convex potential with globally bounded Hessian for which no finite S can
satisfy

sup |pe(ro) — ¢e(To)| < Slro —7o|, 70,70 >0,
[
where ¢y(ro) is the standard-deviation component of the moment flow started from (po, Xo) = (0,73).

Proof. Fix kK > a >0 and k£ > 0, and take

V(x) = g:vz + % cos(kzx). (8.1)

Then k —a < V" < k + a. The subspace p = 0 is invariant. Writing » = v/X on this subspace gives
m =0, I'(r)y=r— ae M2, = g(r) ;== r{1 —r*T(r)}. (8.2)

In fact,
d
y {T2F(T)} _ 27,{1% _ aefk2r2/2} + ak2r367k2r2/2 >0,
r

because x > a. Thus r2I'(r) is strictly increasing from zero to infinity and has a unique crossing
75« > 0 of level one. In particular, g > 0 on (0,r,). Fix r. € (0,74). For rg € (0,r.), let tnit (o) be the
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time at which ¢.(ro) first reaches r., and then freeze time at to = ty;;(r9). This time is finite because
g is continuous and strictly positive on [rg, r.]. The variational identity for a scalar autonomous flow

bty = 240D

Moreover, g(r9) = ro(1 4+ o(1)) as o | 0. Therefore, with ¢ fixed while differentiating,

6(re) _ glre)

Dron0) = 5e) ~ g

— 0 (ro40). (8.3)

Any common Lipschitz constant for all fixed-time maps ¢; would bound the left-hand side of (8.3), a
contradiction. If the full moment flow had one initialization-uniform Euclidean Lipschitz constant, its
restriction to the invariant subspace p = 0 would have the same property, so the scalar contradiction
also rules out that claim. Notice that we have not differentiated the composite ¢thit(ro)(7"0) =T,
whose derivative is zero. O

This obstruction does not contradict Lemma 5.1: a fixed energy sublevel stays a positive distance
away from r = 0. It explains why near-singular Wishart samples must be controlled probabilistically
through energy rather than by a global derivative bound for the flow.

9 An explicit nonquadratic example

This section verifies the assumptions and identifies the variational optimum for a concrete non-
quadratic target. It illustrates that the theorem is not confined to Gaussian potentials.

Ezxample 9.1 (Cosine perturbation of a Gaussian target). Let

1
Ve(z) = 51:2 +e(1 + cosx), 0<e<O0.1. (9.1)

Then 1 —e < V/(x) <1+ ¢, so Theorem 2.2 applies. If s > 0 denotes the variance of N'(u, s), then

m(p,s) = p—ee *?sinp, D(p,s) =1—ee*?cos . (9.2)

The moment flow is
p=1-=Ts)u— (1+p*)m, $=2s(1 —Ts— pum). (9.3)
Up to an additive constant, its reverse-KL energy is
E.(u,s) = %(;ﬁ + s —log s) +ee~*/% cos (9.4)
and

()=~ (5 ) vmons, o

The mobility determinant is 4s2 > 0. With ag = e~%/2,

2 _ (l—eagcosp (eag/2) sin
ViEe = ((8@0/2) sing  1/(25%) + (eao/4) cos M) : (9.6)
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The upper-left entry is at least 1 — €, and its Schur complement is bounded below as follows:

1 inp/2)>
L ea o, (Easing/2)
252 4 1 —eagcosp

1 ce5/2 e2e™s

=92 4 S 4(1—e) 6.7

1 2¢ 22
> (1 -8e72%— > 0.
—2s2< © 1—s>

Indeed, s2e~%/2 < 16e~2 and s?e~* < 4e~2. Hence E. is strictly convex and coercive, since the
perturbation in (9.4) is bounded while u? + s — log s diverges at every boundary of R x (0,00).

Furthermore,

1 1
0,E:(0,5) =0, 0sE-(0,s) = 5 <1 s 56_8/2> .

Let h(s) = s(1 — ee~*/2). Then
W(s)=1—ce?+ %96_8/2 >1—-¢>0, h(0+) =0, h(o0) = 0.

Thus there is a unique s, > 0 with h(s,) = 1. The point (0, s,) is stationary and, by strict convexity,
is the unique minimizer; equivalently,

s.{l —ee /2 =1. (9.8)

This gives a fully worked, genuinely nonquadratic target with an explicit scalar characterization of
the optimum.

10 Related work and positioning

This section distinguishes the projected exact-moment problem from ordinary SVGD and from
time-averaged propagation of chaos. It also identifies the empirical-matching results used only as
statistical inputs.

SVGD was introduced by Liu and Wang [11], and its gradient-flow and mean-field viewpoints
were developed by Liu [10], Lu et al. [13], and Duncan et al. [6]. Nonasymptotic and finite-particle
analyses include Korba et al. [7] and Shi and Mackey [14]. These works concern ordinary SVGD and
do not themselves give uniform physical-time W5 stability for the projected system (2.5).

The closest starting point is Liu et al. [12], whose exact-moment closure and affine representation
lead to the prior conjecture discussed above. Banerjee et al. [3] prove finite-particle KSD and W,
bounds for ordinary SVGD, including bilinear-plus-Matérn kernels, with long-time statements for
time-averaged particle laws. The broad KSD and W; conclusions of Balasubramanian et al. [2],
and their in-probability Ws conclusion, concern time-averaged laws uniformly over deterministic
averaging horizons, rather than physical-time last iterates; their finite-feature results have a different
scope. Banerjee and Kim [4] obtain physical-time results for unprojected, Langevin-regularized
SVGD with Brownian noise, whereas our system is deterministic and uses an exact Gaussian-score
projection. Stein and Li [15] analyze generalized bilinear kernels for Gaussian targets. None of these
results directly yields the fixed- K7, non-Gaussian, projected full-law theorem here.

The dimension-dependent statistical input comes from Gaussian empirical matching [5, 8, 9, 16].
Our contribution is not a new matching estimate: it shows that the nonlinear all-time dynamics
adds no particle-number penalty to the sharp expected time-zero scale.
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11 Implications and limitations

The deterministic oracle applies to each fixed full-rank cloud, with constants determined by a sublevel
containing both initial moment states. A sequence of deterministic, dependent, or variance-reduced
designs inherits a uniform guarantee when it lies in one common sublevel and its moment and
standardized-shape errors vanish. Gaussian independence is used only to obtain the sharp expected
N-rate and the stated high-probability upper bound.

At fixed N, the affine dynamics converges to a discrete law with moments (g, X.) but preserves
standardized shape up to rotation. Thus moment convergence must not be confused with Gaus-
sianization. The nonquadratic target in Section 9 shows that the theory is not limited to Gaussian
potentials.

The restrictions are substantive. Constants depend on d, V, ug, 3o and deteriorate near the
positive-definite boundary. Section 8 proves, for a smooth scalar potential with bounded Hessian,
that the Euclidean standard-deviation flow has no single initialization-uniform Lipschitz constant over
(0,00). This does not exclude other metrics or weighted stability mechanisms. No dimension-free,
Euler-discretization, or estimated-moment claim is made. Finally, p. is the reverse-KL. Gaussian
approximation, not the non-Gaussian target itself, so approximation bias is separate from particle
error.

12 Conclusion

Square-root geometry and affine whitening turn the non-Gaussian projected Gaussian-SVGD problem
into a stable moment flow plus a preserved shape term. This yields a deterministic all-time oracle, a
sharp expected N-rate, a high-probability upper bound at the corresponding scale, validity at the
minimal count N = d + 1, and an exact description of the finite-particle limit. The result resolves
the strengthened continuous exact-moment conjecture under global strong convexity and a bounded
continuous Hessian, without a third-derivative or Hessian-Lipschitz assumption.
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