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Abstract

Holographic algorithms solve planar counting problems by encoding each value of a finite
domain into several Boolean matchgate wires. Base collapse asks whether every exact rep-
resentation can be compressed to a number of wires per edge bounded only by the domain
size. Chen (STOC 2016) and Xia (STOC 2016) established broad positive collapse theorems
under full-rank and related structural hypotheses. Together, these works left open whether a
domain-only collapse bound survives when several locally deficient signatures must share one
encoding. We resolve this open problem negatively, already on a three-state (qutrit) domain.
For every a > 4, we construct a five-label integer-valued qutrit language of maximum arity a
with an exact rational matchgate presentation, yet every exactly equivalent label-preserving
presentation requires common width Q(2a/ 2/a), even if its domain, base, tensors, and complex
weights may all change. The construction avoids the usual local degeneracies, so the obstruction
is genuinely simultaneous. Algebraic geometry then drives an exhaustive trichotomy explaining
the boundary of collapse: the gadget closure either separates into rays, is Gaussian-mobile and
collapses to width at most three, or is confined to a rigid plane-plus-ray flag containing our
unbounded family. Pure-spinor geometry forces compression in the mobile case, while dimension
bounds for matchgate varieties and Zariski avoidance place exact integer data outside every
low-width algebraic image. Thus one geometric framework explains both why collapse occurs
and why it can fail without bound.
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1 Introduction

Holographic algorithms turn finite-domain planar counting problems into Boolean networks of
planar matchgates, where the global sum is evaluated by Pfaffians and weighted perfect matchings.
Matchgates first arose in Valiant’s study of classically simulable quantum circuits and later became



the computational engine of holographic algorithms [21-23]. In broad Boolean counting-CSP
settings they account precisely for the tractability created by planarity [10]. Understanding their
representations is therefore part of understanding why this form of exact cancellation works at all.

The change of representation is mediated by a base. A width-¢ base assigns every original domain
value a vector in a 2!-dimensional Boolean space: operationally, each domain edge is replaced by
t Boolean matchgate wires. Crucially, the same encoding must work at every occurrence of every
label. Extra wires may therefore be mere coordinate redundancy, or they may store compatibility
information that is visible only when many labelled tensors are represented simultaneously.

The central collapse question is whether every matchgate-realizable labelled language on a
g-element domain admits a common presentation whose width is bounded by a function of ¢ alone.
We answer it negatively: already for ¢ = 3, minimum exact common width is unbounded. This
resolves the uniform-width aspect of the multi-signature problem left open after Cai and Fu’s
full-rank-generator theorem [5] and Chen’s all-domain full-rank theorem [11]|. Xia supplied further
collapse certificates but explicitly isolated this gap: base directions unused by one signature may still
be needed by another, and the attainable common collapse size was unknown [24, end of Section 5].

If a domain-only bound existed, arbitrarily large ambient matchgate spaces would add no exact
expressive power at fixed domain size, and the search for holographic algorithms could be restricted to
bounded-width bases. Our result shows instead that simultaneous compatibility can carry irreducibly
large information. The question is therefore about the intrinsic size of a shared representation, not
merely about shortening one displayed base matrix.

Matchgate signatures also have two complementary descriptions. They are boundary tensors of
planar perfect-matching gadgets, and, after Boolean indices are read as occupation modes, they are
Pfaffian or fermionic-Gaussian tensors, subject to the usual parity conventions [2,18]. Base collapse
can accordingly be viewed as a structured common-mode compression problem for an exact Gaussian
tensor language. Ordinary linear algebra alone does not answer it: a qutrit fits inside two Boolean
bits, but an entire labelled qutrit language need not become matchgate under one small common
encoding.

1.1 The collapse question and our answer

We measure representation size by minimum exact common width: the fewest Boolean wires per
domain edge among all matchgate presentations that preserve the finite label families, their arities
and port orders, and the exact value of every planar labelled instance. A competing presentation
may change the finite domain, the common base, every coordinate tensor, and all complex weights.
It may not replace a label by a gadget or merely preserve polynomial-time computability. The
precise notions appear in Section 2.3.

Informal Theorem (Unbounded exact width on a qutrit domain). For every k > 2 there is a
five-label integer-valued qutrit language Fy, | { Bx} whose unique right label By has arity k + 2. It has
an ezxact rational matchgate presentation, but its minimum exact common width is

ok/2

The displayed presentation can simultaneously be chosen with a full-row-rank base, support-essential
left and right families, rank exactly two at every port of every nonunary primitive, and a connected
two-center gadget whose boundary tensor is nonfactorable across the two centers.

There are only five labels: the three unary qutrit pins, binary disequality on states 0,1, and one
right label By of arity £ + 2. Thus the obstruction is not a proliferation of unrelated primitives.



Moreover every left label is symmetric in its ports, so each singleton left subproblem is compatible
with the type of symmetry used in Xia’s singleton collapse [24, Theorem 5.3]. The large width
is genuinely simultaneous: it is the requirement that the whole labelled language share one exact
representation that becomes costly.

The result rules out any width bound depending only on the domain size in this unrestricted
model. It is stronger than a lower bound against compressing the displayed base, because it survives
arbitrary exact re-presentation. It does not assert computational hardness: the high-arity right label
grows with k, and our equivalence notion is stricter than gadget or polynomial-time equivalence.
The full statement and quantitative inequality are given in Theorem 3.1, and the domain-only
consequence is Corollary 3.2.

1.2 Where can non-collapse occur?

The negative result leaves a structural question: why can width hide in a three-state language at
all? Consider actual connected planar gadgets whose dangling edges are incident with left vertices;
their internal vertices may use labels from either side. At an exposed port, the mode support is the
span of all qutrit vectors obtainable there as the other ports vary. A port is deficient when this
span misses at least one qutrit direction, so a nonzero support is either a one-dimensional ray or a
two-dimensional plane. Bi-essentiality says that the mode supports of the primitive left labels, and
separately those of the induced right labels, collectively see all three qutrit directions.

After the base is applied, matchgate parity singles out two endpoint rays P*, P~ inside every
realized plane P; these endpoints need not themselves occur as gadget supports. The exceptional
monomial flag has all realized planes equal to one plane P, contains a transverse realized ray L, and
confines every realized ray to PT, P~ or L.

Informal Theorem (Support-geometric trichotomy). For a full-row-rank, bi-essential, port-deficient
qutrit presentation, exactly one of the following occurs.

(I) Ray-separable. No plane is realized, and every nonzero positive-arity all-left boundary tensor
s a pure tensor, that is, it factors algebraically into unary vectors.

(IT) Gaussian-mobile. A plane is realized, but the supports are not confined to one flag. The whole
labelled language has an exact common presentation of width at most three; if two distinct
planes occur, the width is at most two.

(IIT) Onme-plane flag. All realized planes equal P and all realized rays lie among PT, P~ L. Every
nonzero positive-arity all-left boundary tensor is a Boolean matchgate core on P times pure-ray
factors; a nullary boundary tensor is a scalar.

The third branch contains a family whose minimum exact widths are unbounded.

This is the significance of the trichotomy. Once a plane-bearing support configuration escapes
every monomial flag—through a second plane or additional transverse rays—Gaussian geometry
produces one bounded-width encoding shared by every label. The flag still does not force large
width for each individual language, and the ray-only branch is not yet a width classification. The
branches are properties of a displayed presentation, whereas the collapse obtained in branch (II)
is a new presentation of the same labelled language. Our unbounded family is constructed inside
branch (III). There the flag rigidifies the all-left closure without controlling the residual right table.
The label By, can store a 2¥-entry residual table, which we choose outside every relevant low-width
image. The precise statement is Theorem 3.3.



1.3 Proof architecture and technical ideas

The negative construction and the positive boundary use five main ideas.

1.

Composable-support geometry for base collapse. Mode supports cannot increase when planar
gadgets are composed. Primitive port deficiency therefore constrains an entire gadget closure by
a small incidence geometry of realized rays and planes.

Pure-spinor hulls as common-cover certificates. The base sends realized rays to pure matchgate
rays and realized planes to rank-two Gaussian row spaces. Two distinct planes, or two distinct
pure rays outside one realized plane, have a low-codimension common annihilator. This produces
a rank-four or rank-eight matchgate cover—one Gaussian row space containing the whole base
row space—and hence collapse.

All-arity flag-normal-form decoding. In the one-plane branch, rank-one ports can be stripped
off and the remaining plane-supported tensor can be decoded through one fixed pair of parity
endpoints. This yields a Boolean matchgate core times pure-ray factors uniformly at every arity.

. Universal block-Pfaffian interpolation. Any everywhere-nonzero Boolean table can be interpolated

on two repetition codewords per block by a single exact matchgate. A multiplicative Mobius
decomposition turns the table entries into independent Pfaffian controls and supplies the large-
width presentation.

. A representation-independent star-table dimension obstruction. The variety of s-wire matchgate

signatures has dimension at most 1 + (;) Closed labelled stars extract the same 2*-entry table
from every exactly equivalent presentation, regardless of its new domain or base. Zariski avoidance
then chooses an integer table outside every lower-width star-table image and gives the quantitative

bound.

The fourth idea realizes arbitrary information; the fifth proves that this information cannot be

hidden in fewer common modes. The first three explain why the construction must be placed in the
fixed flag and why nearby support geometries collapse. The two proof lanes and their locations in
the paper are summarized below.

Positive / pure-spinor ray separation,
. . support . common cover
classification monotonicit incidence [ a ’
(Section 10) Y and hulls or 1as
normal form
. : int :
N & / dimension oblsr’:reug(;:(zon block-Pfaffian qutrit flag labelled-star
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Figure 1: Conceptual roadmap. The upper lane classifies support geometry; the lower lane constructs
information and proves that no exactly equivalent presentation can compress it below the stated
width.

1.4 Relation to previous work

The collapse line begins with Cai and Lu’s Boolean-domain results [7,8]. Fu and Yang treated simul-
taneous realizability over rank-two bases [12]|. Later work studied blockwise-symmetric signatures
and holographic algorithms over general domains [13,14].



The closest positive results delimit our regime. The broad formulation of Cai and Fu’s domain-
three collapse is used under their standing full-rank-generator hypothesis; in the degenerate alternative
their conclusion is a direct computational simplification, rather than a domain-only bound on
minimum exact common width [5]. Chen’s all-domain theorem likewise covers the regime of a
full-rank original signature [11]. Xia supplied several further sufficient certificates: a full-rank realizer,
a bounded-rank common matchgate cover, or a singleton symmetric left family [24]. Our displayed
presentations lie outside these regimes: their bases have full row rank and the two induced families
are support-essential, but every port of every nonunary qutrit primitive has rank exactly two, and
the simultaneous left family is not a singleton.

Xia also identified the precise compatibility gap that motivates our work. His singleton proof may
discard a part of the base unused by one signature, but that part can remain necessary for another;
after a two-signature example outside his hypotheses, he wrote that no characterization of matchgate
covers was known and that the achievable collapse size was unknown [24, end of Section 5|. Under
exact same-instance equivalence, Corollary 3.2 shows that the attainable width cannot be bounded
as a function of the domain size alone. This answers the uniform-width aspect of Xia’s question, not
the characterization of matchgate covers or the optimal collapse size of each individual language.

Our structural result also identifies the boundary within this port-deficient qutrit regime. Support
mobility yields an exact common presentation of width at most three—and at most two when two
distinct planes occur—whereas the one-plane flag contains languages of unbounded minimum exact
common width.

Nontrivial negative results for holographic algorithms did exist before this work. Cai and
Choudhary used matchgate identities to rule out holographic templates for natural problem gen-
eralizations [3], and Fu, Yang, and Yin proved nonrealizability of higher-domain equality under
holographic transformations [13]. Those results exclude a specified realization. Here every language is
already matchgate-realizable; the question is how small any exact common realization can be. To our
knowledge, Theorem 3.1 gives the first unbounded lower bound on minimum common matchgate-base
width under exact labelled equivalence, even over a fixed three-element domain.

Algebraic geometry is likewise not new to matchgate theory. Matchgate identities define algebraic
varieties, basis manifolds have been used for simultaneous realizability, and spinor /Pfaffian geometry
has supplied a conceptual language for holographic algorithms [2,4,9,19]. Bradley also used dimension
counts to prove lower bounds on the graph size needed to realize standard signatures [1]; that resource
is the size of an individual matchgate, rather than the width of a common base. The new role here is
to turn that geometry into a lower bound robust under arbitrary exact re-presentation: pure-spinor
incidence controls the collapse side, while star-table varieties and Zariski avoidance control the
non-collapse side. In this sense algebraic geometry is a central method of the paper, though not a
first use of the subject in holographic algorithms.

1.5 Organization

Section 2 gives the minimum terminology needed to read the formal statements in Section 3. Section 4
then develops the proof machinery. Sections 5-9 build the obstruction and prove the lower bound;
Section 10 proves the trichotomy, and Section 11 collects the open directions.

2 Statement-Level Preliminaries

This section isolates only the notions needed to parse the main results. The complete coordinate
conventions, ordered planar operations, and proof-oriented definitions are developed in Section 4. A
reader interested first in the statements may therefore proceed directly from this section to Section 3.



2.1 Signatures, planar instances, and local rank

Let D be a finite nonempty domain, take N = {1,2,...}, and put D3 = {0,1,2}. Write e, for the
coordinate vector of a € D and §, for the corresponding unary pin. A signature of arity a is a tensor
F: D* — C whose ordered arguments are its ports. All families are finite and labelled: two labels
remain distinct even if their coordinate tensors agree. A bipartite language F | G places labels from
F and G on the two sides of a planar embedded bipartite graph. Its value is the sum over all edge
assignments of the product of the incident tensor entries. Exact labelled equivalence below preserves
this value on the same embedded, ordered, labelled graph.

At port j, the mode flattening Mat;(F') is the matrix with the jth coordinate as row index and
all other coordinates as column index. Its image S;(F') is the mode support, and its rank is the
mode rank. A port is deficient when this rank is smaller than |D|, and a signature is non-full-rank
when every port is deficient. Thus a qutrit port is deficient exactly when its rank is at most two.
A family is support-essential when the sum of all of its mode supports is the full domain space
(three-dimensional for a qutrit); a bipartite language is bi-essential when this holds on both sides. A
nonzero tensor is completely decomposable, or pure, when it is a tensor product of unary vectors. Its
Schmidt rank across a partition of the ports is the rank of the corresponding two-block flattening.
These notions and the left /right variance convention are formalized in Sections 4.1 and 4.2.

2.2 Common matchgate presentations

An exact s-wire matchgate signature is the boundary tensor of a finite weighted planar perfect-
matching gadget with s ordered Boolean ports; the set of such tensors is denoted MG;. A width-¢
base on D is a matrix

M e CIPIx?,

It replaces every domain edge by one ordered block of ¢ Boolean wires. For a left signature F' of
arity a, the Boolean lift is FM®*. A right domain signature is written G = M®"H, where H is
its Boolean preimage and b is its block arity. A wvalid common matchgate presentation (F,H, M)
requires every FM®® and every H to be an exact matchgate in the prescribed block order, with
the same base M used for all labels. Its induced domain language is F | MH. The presentation
is rational when all displayed coordinates and realizing edge weights may be chosen in Q. Full
definitions and the ordered contraction convention appear in Sections 4.3 and 4.6.

An r-input, t-output exact matchgate matrix is the matrix obtained by viewing r ordered Boolean
ports of an exact matchgate as inputs and ¢ as outputs, with the fixed planar output reversal. A
rank-2" common matchgate cover of M is such a matrix P satisfying

row(M) C row(P).

A common cover can be decoded to a width-r presentation. The matrix, cover, and decoding
conventions are given in Section 4.4.

2.3 Exact labelled equivalence and minimum width

Definition 2.1 (Exact labelled equivalence). Let F | G be a finite-domain planar language over D,
and let P | R be one over an arbitrary finite domain E. They are ezactly equivalent if there are
arity-preserving bijections between the two left label sets and between the two right label sets such
that every planar embedded F | G instance has exactly the same complex value after replacing each
label by its counterpart on the same embedded graph. Incidences, marked first ports, and linearized
cyclic port orders are unchanged.



This is the planar, explicitly port-ordered version of Xia’s result equivalence, which likewise
uses label bijections and equality on the same instance graph [24, Section 2.3]. This notion does
not permit replacing a label by a gadget, changing an arity, preserving values only up to a scalar,
or merely retaining polynomial-time computability. It does permit an alternative presentation
to change the finite domain, base, coordinate tensors, and exact complex weights. Thus it is a
language-level notion, whereas ranks, supports, and flags associated with one displayed triple are
presentation-relative.

Definition 2.2 (Minimum exact common width). For a finite-domain language F | G admitting at
least one valid presentation, define bw(F | G) to be the minimum integer r > 0 for which some valid
common width-r presentation over some finite nonempty domain induces a labelled language exactly
equivalent to F | G.

No rank condition is imposed on an alternative base or its domain signatures. At width zero the
Boolean block alphabet is the singleton {0,1}° = {€}, so declared block arity still records the induced
domain arity. The minimum ranges over all such alternative presentations, not merely submatrices
or coordinate changes of a displayed base. A uniform width bound controls every language in a
stated class by one function of the specified parameters; it is stronger than a pointwise assertion
about each fixed finite language.

2.4 Realized supports and monomial flags

Fix a qutrit presentation with rank M = 3. A connected planar gadget is all-left when every dangling
edge is incident with a left vertex. At a distinguished dangling port of a nonzero all-left boundary
tensor, its mode support is a realized support. Let S; and Sy be the sets of realized rays and
planes, respectively. For every realized plane P, the transformed block support PM is a rank-two
exact-matchgate row space. Its even- and odd-parity lines pull back to two distinguished rays of P,
denoted P* and P~. A pair (P, L), where P € Sy and L € & is transverse to P, is a monomial flag
when

Sy = {P}, S C{P", P, L}.

In the flag branch, a Boolean matchgate core on P times pure-ray factors means that the plane-
supported ports are encoded, through one fixed basis of the two parity endpoints, by a Boolean
matchgate tensor, while every remaining port contributes a unary factor on one of the three allowed
rays. The exact gadget, rerooting, and normal-form conventions are given in Section 4.7.

3 Main Results

3.1 Unbounded exact width

For a,b € D3, let E,, denote the qutrit matrix unit, and put Xg; := Fo1 + F1; thus Xg; is binary
disequality on states 0,1 and vanishes whenever one input is 2.

Theorem 3.1 (Unbounded exact width with a flag presentation). For every integer k > 2, there is
a finite integer-valued domain-three language

Fi. = {0, 61, 62, Xo1}, Gk = { Bk}
The right label By has arity k + 2, which is therefore the mazimum arity of the language. Put
p 2= bw (Fp | Gg). (1)
Then the following properties hold.



(i) It has an exact rational matchgate presentation with a full-row-rank 3—by—22k+3 base, of width
2k + 3.

(ii) Fwvery port of Xo1 and By has flattening rank exactly two, whereas the pins have rank one.

(iii) The language is support-essential on both sides. The single right tensor By has two link-port
supports span(eg, e1) and k hard-port supports span(eg, ea) —the link ports are its first two
ports and the hard ports its remaining k—so it is support-essential by itself.

(iv) Two copies of By occur in a connected planar gadget whose boundary tensor has Schmidt rank
exactly two across the hard ports of the first copy versus those of the second copy. Thus the
construction is not a product of isolated stars.

(v) The minimum exact width satisfies

9k < 9 <1+ (“;)) +1+ (kg"“> 2)

The presentation in part (1) may be chosen to lie in alternative (111) of Theorem 3.3.

Consequently,

The quantification in Theorem 3.1 is unrestricted: a competing presentation may change the
finite domain, the common base, and every coordinate tensor, provided that the original labels,
arities, ordered ports, and all planar instance values are preserved exactly. Thus the lower bound
is not merely against compressions or invertible coordinate changes of the displayed base. The
construction gives ju;; < 2% + 3; no matching upper bound is claimed.

Corollary 3.2. Under exact labelled equivalence, there is no function h: N — N such that, for every
finite nonempty domain D and every valid presentation (F,H, M) on D for which every signature
in the induced domain families F U MH is integer-valued, has positive arity, and is non-full-rank,
one has bw(F | MH) < h(|D]). This remains false even when the displayed presentation is over Q;
equivalent presentations in the definition of bw may still use arbitrary exact complex weights.

3.2 Support-geometric trichotomy

The lower bound is complemented by an exhaustive classification of the qutrit support geometries
relevant to base collapse.

Theorem 3.3 (Support-geometry trichotomy and an unbounded flag family). Let (F,H,M) be a
valid common matchgate presentation on a qutrit domain with rank M = 3, and let B = MH be the
induced right family. Assume that F | B is bi-essential and every port flattening of every domain
tensor in F U B has rank at most two. Let 81,59 be the supports realized at distinguished ports of
actual connected all-left planar gadgets. Exactly one of the following alternatives holds.

(I) Ray-separable closure: So = @. FEvery nonzero positive-arity all-left boundary tensor is
completely decomposable; a nullary tensor is a scalar.

(II) Gaussian-mobile closure: Sy # @ and no monomial flag exists. Then M has a common
matchgate cover of rank at most eight, and yields an exactly equivalent common presentation
of width at most three. If |Sa| > 2, the cover has rank four and the width is at most two.



(ITIT) One-plane flag closure: a monomial flag (P, L) exists. Every nonzero positive-arity all-
left boundary tensor has the Boolean-core-times-rays form of Section 2.4, using one fixed
endpoint-basis isomorphism v : C2 — P for the entire closure; a nullary boundary tensor is a
scalar.

The class of languages admitting an alternative (III) presentation has no uniform bound on minimum
exact common width. The rank, essentiality, and connected two-center properties in Theorem 3.1
may hold simultaneously.

Remark 3.4 (Structural trichotomy versus width characterization). The alternatives are presentation-
relative because PT and P~ are defined through the displayed base. The bounded conclusions in
alternative (II) are nevertheless language-level: they construct a smaller exact presentation of the
same labels. “No uniform bound” quantifies over the family (Fy | {Bx}); every individual finite
language has finite width. A flag is necessary for our constructed family to escape Gaussian collapse
but is not sufficient for large width, since small-width flag presentations also exist. Alternative (I)
also has no width classification. A pointwise characterization requires a language invariant that
captures the surviving right-side data independently of any chosen flag presentation.

Theorem 3.1 is proved in Sections 5-10, Corollary 3.2 in Section 9, and Theorem 3.3 in Section 10.

4 Technical Preliminaries

4.1 Sets, fields, tensors, and ranks

We write C, Q, and Z for the fields of complex and rational numbers and the ring of integers,
respectively. Unless another field is named, all vector spaces, tensor products, spans, and matrix
ranks are over C. We use

N:{1727'--}7 220:{0,1,2,...}, Z~y = N.

For a positive integer a, write [a] = {1,...,a}, and put [0] = @. The Boolean domain is {0, 1},
and a qutrit means a three-element domain, normally identified with D3 = {0, 1,2}. For a subfield
K C C, write K* = K \ {0} and let Q be the field of complex algebraic numbers.

For 2 € {0,1}*, define

supp(z) == {i € [s] : z; = 1}, 2| := | supp()|,

and call |z| the Hamming weight. The symbol @ denotes bitwise exclusive-or, dist(x,y) := |z @ y|
is Hamming distance, and z := x @ 1° is the bitwise complement. For T C [s], 17 € {0,1}° is its
indicator word. The words 0° and 1° are the all-zero and all-one repetition words; for s = 0 both
equal the empty word e. If I is an arbitrary finite index set, {0, 1}/ means the set of functions
I — {0,1}, and o(i) denotes the bit at i. For a proposition A, the indicator 1[A] is 1 when A is
true and 0 otherwise. For a coordinate array A, we also write supp(4) := {w : A(w) # 0} for its
coordinate support; the argument makes this distinct from the support of a bit word.

If D is a finite set, a signature of arity a over D is a function F': D* — C, and we write
arity (F') = a. A nullary signature is a complex scalar. A signature is rational or integer-valued when
all of its coordinates lie in Q or Z, respectively. All signature families below are finite labelled families:
labels remain distinct even if two labels carry the same coordinate tensor. A primitive signature
is a tensor attached to a single labelled vertex, as opposed to a tensor obtained by contracting a
multi-vertex gadget; its argument positions are its ports.



Let Vp = CP with its standard basis. Write e, for the coordinate vector indexed by a € D and
ey for its dual covector. More generally, e, denotes the coordinate vector indexed by a word z, so
ex(y) is 1 for y = z and 0 otherwise. The tensor product u; ® - - - ® u, is the multilinear array whose
coordinates are the products of the corresponding coordinates; M®? is the a-fold Kronecker power
applying M independently to the a ordered ports. The zeroth tensor power is the scalar identity
on C, and an empty tensor product equals 1. The symbols span, im, @, and € denote linear span,
image, direct sum, and an iterated direct sum. We write AT for ordinary transpose, with no complex
conjugation, and row(A), col(A), and rank A for the row space, column space, and matrix rank.

For tensor-variance bookkeeping, we regard a signature placed on the left side of a bipartite
instance as an element of (V5)®® and one placed on the right as an element of V*. Both have
the same coordinate-array notation, and all pairings in this paper are multilinear over C, never
Hermitian. A ray, line, and plane mean respectively a one-dimensional subspace (the first two
words are synonymous here) and a two-dimensional subspace. If K < U are finite-dimensional,
codimy K :=dimU — dim K.

For a > 1 and j € [a], the one-versus-rest flattening, also called the mode-j flattening, of F is
the matrix

Matj(F) S C|D|X|D|a_l, Matj(F)u,v == F(vl,...,vj,l,u,vj,...,va,l). (4)

Its image
S](F) = 1m Matj(F) (5)

is the mode support or port support, and rank Mat;(F') = dim S;(F) is the corresponding mode rank.
With the variance convention above, a left mode support is viewed in V}; and a right mode support
in Vp. A port is deficient when its mode rank is less than |D|. When |D| = n, we call F full
rank if rank Mat;(F') = n for some j, and non-full-rank if every port is deficient. This is Chen’s
domain-signature notion of full rank [11]; it is unrelated to the matrix rank of a holographic base. A
presentation is port-deficient when every port of every primitive signature in both induced domain
families is deficient.
A minimal mode decomposition at port j is an expression

d
F:Zua@)Fa, d = rank Mat;(F'),

a=1

after placing port j first in the notation, with both (u,) and (F},) linearly independent. It is precisely
a rank factorization of the mode-j flattening.

A family of left signatures is support-essential when the sum of all of its mode supports is V};
the analogous condition for a right family uses Vp. A bipartite problem, or a presentation of it, is
bi-essential when both induced domain families are support-essential. Zero tensors contribute the
zero subspace to these sums.

A nonzero positive-arity tensor is completely decomposable, or a pure tensor, if it is an elementary
tensor u; ® - -+ ® ug; equivalently, every mode rank is one. For a bipartition A LI B = [a], the
Schmidt rank across A | B is the matrix rank obtained by flattening the A coordinates against the
B coordinates. Thus Schmidt rank one is exactly factorization as one tensor on A times one tensor
on B. An outer product is such a rank-one bipartite tensor. A slice of a tensor is the lower-arity
tensor obtained by fixing a specified subset of its coordinates.

Finally, ux = Q(vg) means that there are constants ¢ > 0 and kg such that |ug| > c|vg| for every
k > ko. For ¢ = p/r € Q in lowest terms, with r > 0, define its height by

H(q) := max{|p[,r}.
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The height of a finite rational table is the maximum height of its entries. If H is this table height,
then 1 4 logy H controls the maximum entry bit length up to constant factors. We call an indexed
family of tables entrywise closed-form when one uniform formula gives each entry directly from its
index, rather than selecting the table by existence or enumeration. A table is everywhere nonzero or
nowhere zero when none of its entries is zero.

4.2 Planar Holant networks and gadgets

Let F and G be finite labelled signature families over the same domain D. We call the ordered pair
F | G a bipartite signature language or planar Holant problem. A planar bipartite F | G instance
consists of a planar embedded bipartite graph (U, V, E), a label from F on every vertex of U, and a
label from G on every vertex of V. At each vertex of positive degree we specify a first incident edge
and then follow the cyclic order induced by the embedding; a nullary vertex has the unique empty
port order. Thus every vertex has a linear port order compatible with its planar cyclic order. A
vertex label must have arity equal to the degree of that vertex, and its arguments follow this ordered
list of ports. Here a planar embedding is a fixed crossing-free embedding; it determines an outer face
and a cyclic order at every vertex. We write E(w) for the resulting linearly ordered list of edges
incident with w. The value of the instance I is

Holant/(F|G) = Y [ Fulolew) [ Gololen): (6)

o: E—=DueU veV

Here F,, and G, denote the coordinate tensors assigned by the labels, and o E(w) 1s the tuple of
incident edge values read in the specified linear port order. Formula (6) is the full tensor contraction
of the network.

A planar gadget is the same kind of finite tensor network embedded in a closed disc, with some
uncontracted half-edges ending on the boundary of the disc; these are its dangling or boundary
edges. Their cyclic order on the boundary, together with a marked first edge, is the specified linear
boundary order. Contracting all internal edges produces the boundary tensor, whose ports occur in
that order. If e is a boundary edge, j(e) denotes its position in this order. The vertex tensors are
the gadget’s primitive signatures. A gadget is connected when its underlying graph after deleting
the dangling half-edges is connected. It is all-left when every dangling edge is incident with a left
vertex. The all-left gadget closure is the collection of boundary tensors of actual connected all-left
gadgets; it is not their linear span. A star gadget has one central vertex; each central port is either
contracted with a unary leaf or left as a dangling edge. It is closed when it has no dangling edges,
equivalently, when its boundary arity is zero and every central port is contracted with a unary
leaf. A pin is a unary coordinate signature J, = e on the left, or e, on the right; pinning a port
means contracting it with that unary tensor. Ordered planar composition means gluing compatible
consecutive boundary ports without changing their inherited cyclic orders. The Boolean disequality
signature is NEQ(z,y) = 1 for x # y and 0 otherwise.

4.3 Planar matchgates, Pfaffians, and ordered operations

A perfect matching of a finite graph is a set of edges incident with every vertex exactly once. For an
edge-weighted graph N, let w(e) denote the weight of edge e and put

PerfMatch(N) := Z H w(e), (7)
P a perfect matching of N ecP

with value 0 if no perfect matching exists and value 1 on the empty graph. A planar matchgate
M is a finite edge-weighted planar graph with external vertices vy, ..., vs occurring in that cyclic
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order on its outer face, with v; marked as first; all other vertices are internal. Under the deletion
convention, its s-bit signature G: {0,1}* — C is

G(z) = PerfMatch(M — {v; : x; = 1}), (8)

where deletion removes the indicated external vertices and all incident edges. We fix this convention
throughout. The other common convention is obtained by globally complementing every index bit.
Let MGy denote the set of exact s-bit planar-matchgate signatures in the stated external order:
“exact” means equality with the finite weighted graph’s coordinates, not approximation or a limiting
construction. We set MG = C.
For s > 0, let
ps(x1, ... xs) = (Tsy. .., 21), pole) = e.

Lemma 4.1 (Reflection reversal). If G € MGg, then the reversed signature
G (2) = G(ps(@))
also belongs to MGyg.

Proof. For s = 0 there is nothing to prove. Reflect an exact planar realization of G in the plane and
mark the reflected copy of the old last external vertex as the new first external vertex. The reflected
external order is the reverse of the old order, while the weighted graph and every perfect-matching
weight are unchanged. Its deletion signature in the new order is therefore G o p;. O

The matchgate identities, also called the quadratic Grassmann—Pliicker relations in these co-
ordinates, are the following equations. For o, € {0,1}*, list supp(a @ 8) = {p1 < -+ < p¢};
then
e .

(—1)3G(OJ D 1{pj})G(ﬁ & 1{Pj}) =0. (9)
=1

J

They are necessary and sufficient for exact planar-matchgate realizability and imply parity [4, 6].
A matrix A is skew-symmetric when AT = —A. If § = {i1 < --+ < ign} has even size, its
principal submatrix is A[S] and its Pfaffian is

PF(A[S]) := ) sen(m) [ | Augy- (10)
s q=1

Here 7 ranges over partitions of S into pairs. For each 7, write each pair as {uq, vy} with ug < vy,

and index the pairs so that u; < --- < u,,. The increasing order on S is the displayed sequence
(i1,...,%2m). Let or be the unique permutation of [2m] satisfying
(ub Ulye o Umy, Um) = (ioyr(l)a Z.<)'7r(2)7 s 7ioﬂ(2m))‘
Then
sgu(m) := sgn(ox) = (~1)",

where N is the number of pairs of positions a < b for which the ath entry of (uy,v1,. .., Up, vy) is
larger than its bth entry. For example, if S = {1,2,3,4} and 7 = {{1,3},{2,4}}, then the associated
sequence (1,3,2,4) has one inversion, so sgn(m) = —1. Each product is a perfect-matching monomial.

We use Pf(A[2]) = 1.
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For skew-symmetric matrices A and B of even orders, their block direct sum in concatenated
coordinate order satisfies

Pf(A @ B) = P£(A) Pf(B).

More generally, if P, is the permutation matrix of a coordinate permutation ¢, then, for every
even-order skew-symmetric matrix C,

Pf(P,CP]) = det(P,) Pf(C) = sgn(a) Pf(C).

Swapping consecutive coordinate chunks of sizes p and ¢ consists of pq transpositions and therefore
contributes the sign (—1)P?. Consequently, permuting even-sized chunks introduces no sign.
We use the following two standard consequences of the identities.

1. Every nonzero G € MGy has one parity: all nonzero coordinates G(z) have the same parity of |z|.

2. For a skew-symmetric matrix A € C%*%, define its principal-Pfaffian signature

| Pf(A[supp(z)]), || is even, B
Fa(x) = {07 2] is odd, Pf(A[2]) =1, (11)

Then I'y € MGg. By sufficiency of the matchgate identities, I' 4 has an exact planar realization
in the stated external order; A is a Pfaffian parameter matrix and need not itself be planar.
To reconcile conventions explicitly, if T' 4(z) := Pf(A[[s] \ supp(x)]), then T 4(z) = T'4(Z). The
support- and deletion-Pfaffian conventions therefore differ by the one global bit complement
already fixed above. The matchgate identities are invariant under this common XOR shift of all
coordinate indices, so I' 4 satisfies them in the same coordinate order and the sufficiency theorem
realizes it exactly in the deletion convention.

The all-zero signature belongs to MG,: one may adjoin an isolated internal vertex, which destroys
every perfect matching. Every standard basis vector e, belongs to MG as a tensor product of unary
pins. If G € MG; and A € C, then A\G € MGyg; take the disjoint union with an internal edge of
weight A\. More generally, exact matchgates are closed under disjoint union/tensor product, pinning
an external bit, and ordered planar contraction: the last operation glues compatible consecutive
external vertices, sums over their common Boolean values, and retains the inherited order on the
unglued vertices. These are the closure operations invoked later.

Lemma 4.2 (Field-preserving matchgate realization). Let K C C be a subfield, and fix an order of
s coordinates. If G € K101 satisfies the matchgate identities in that order, then G is exactly the
deletion signature of a planar matchgate whose edge weights lie in K and whose external vertices
occur in the prescribed order.

Proof. For a nonzero signature this is the field-preserving sufficiency construction for the matchgate
identities of Cai and Gorenstein |6, Section 5 and Theorem 5.1]. Their normalization and restoration
steps use only field operations, and their planar crossover gadget—the fixed matchgate implementing
a signed exchange of two ordered wires—uses weights in {41, —1}. Their construction places the
labels 1 < - -+ < s clockwise; naming those labels by the fixed coordinate order gives the prescribed
external order here. The zero signature is realized over K by including an isolated internal vertex.
Nullary signatures are scalars and are realized by a single internal edge of the given weight (with the
zero case handled as above). O
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4.4 Matchgate matrices, covers, and fermionic geometry

Let G € MG,4; have its first r ports designated as inputs and its last ¢ as outputs. Its r-input,
t-output exact matchgate matriz is the 2"-by-2¢ matrix P defined by

P(z,y) = Gz, p(y)),  =€{0,1}", ye{0,1}, (12)

where p; is the fixed planar reversal defined in Lemma 4.1. With this convention, gluing an ordered
output block to an ordered input block is ordinary matrix multiplication. A square such matrix is an
input or output matchgate transformation according to the side on which it is composed; it is invertible
in the ordinary linear-algebraic sense. The inverse of an invertible exact matchgate transformation is
again an exact matchgate transformation, by the ordered canonical-form theorem [4,24|. Here an
ordered canonical form means the normalization of an exact matchgate matrix, by invertible input
and output matchgate transformations, to disjoint active input—output wires with all inactive modes
pinned; every later use states the particular consequence needed. A Boolean wire or mode is one
binary tensor index; an ordered consecutive group of wires is a block.

The matchgate matrix rank theorem says that if P is a nonzero a-input, b-output exact matchgate
matrix, then

rank P = 2¢

for a unique integer d with 0 < d < min{a, b}. In the ordered canonical form, d is the number of
active input—output wires [24, Theorem 4.1]. Conversely, the canonical matchgate with d active wires
and all remaining modes pinned shows that, for fixed a, b, every d in this range occurs. Thus, when
the input and output arities are unrestricted, d may be any nonnegative integer. For 0 < r < ¢, the
standard inclusion J,; is the exact matchgate matrix that copies the r input bits to r active output
wires and pins the remaining ¢t — r inactive output wires to zero. In the fixed matrix convention,

J’"7t(x’ y) = 1[y = ($7Otir)]7 Jr,t‘];l,-t = Ior.

In its planar realization, the first ¢ — r physical output ports are zero-pinned and r nested unit
edges join input i to the physical output port carrying logical bit y;. Thus the physical output
order is v, ..., y1, exactly as required by (12). A fixed-mode flip exchanges the two Boolean values
on that mode and is itself an invertible matchgate transformation: replace the corresponding unit
equality edge in the nested identity realization by a two-edge unit path with one internal vertex. Its
two-terminal deletion signature is 1 exactly on 01 and 10, so its ordinary matrix is the bit flip on
that mode.

Following Xia, if M € C"*2" has rank 2" a full-rank matchgate realizer of M is a matrix
A € C¥*"_for some s > 0, such that AM is an s-input, t-output exact matchgate matrix of rank
2" |24, Definition 5.1]. More generally, a rank-2" common matchgate cover of a width-t base M is an
r-input, t-output exact matchgate matrix P of rank 2" satisfying

row(M) C row(P). (13)

Its cover width is r. It is called common because the same row space covers the single base shared
by every label. A Gaussian cover is the same object; “Gaussian” here is the standard fermionic
synonym for matchgate/Pfaffian structure, not a probabilistic term. A rank-2" Gaussian hull matriz
of subspaces Ry, ..., Ry, is such an exact matchgate matrix whose row space contains Ry + - -+ + Rn;
its row space is the corresponding Gaussian hull. When that row space contains row (M), the matrix
is a common cover of M.

For parity bookkeeping, put

& = span{e, : |x| is even}, Oy := span{e; : |z| is odd}.
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A subspace is parity-invariant when it is the direct sum of its intersections with & and O;. If R is
the row space of a rank-two exact matchgate matrix, the canonical form gives

R=R"®oR, Rt :=RN&, R =RNO;, dimRT =dimR™ = 1.

A nonzero vector is parity-homogeneous when it lies entirely in & or entirely in O;. The two lines
R*, R~ are its parity endpoints. When a domain plane P maps to R = PM, their pullbacks in P
are denoted P+, P~.

We now fix the pure-spinor terminology used in the support argument. Let fi,..., f; be the
standard basis of W = C!, and identify C{01}" with the exterior algebra A*W by

ex < fiy Ao+ A fi,. when supp(z) = {i1 <+ <ip}.

Thus ey = eqt is the vacuum, a vector supported on words of weight one is a one-particle vector, and
A is the alternating exterior product. The space W @& W* carries the symmetric bilinear form

(w0 +¢') = g(uw') + ¢'(w)
and acts on A*W by the Clifford action
(w+¢) u:=wAu+4u,
where 14 is contraction by ¢. For nonzero u, define its annihilator
Amn(u) :={ze WaeW*: z-u=0} (14)

A subspace K < W @ W™ is isotropic when the displayed form vanishes on K x K it is maximal
isotropic when it has the maximum possible dimension ¢. A nonzero u is a pure spinor when Ann(u)
is maximal isotropic. In the coordinates above, satisfying the matchgate identities in the fixed
ordered basis is equivalent to being a pure spinor. Together with Lemma 4.2, a nonzero vector is
therefore an exact matchgate vector if and only if it is a pure spinor [4,6,16]. For a vector space U,
its projective space P(U) is the set of one-dimensional subspaces; [u] denotes the point Cu. We call
Cu a pure matchgate ray and define Ann(Cu) := Ann(u), which is independent of the chosen nonzero
generator. The projective set of pure matchgate rays of one fixed parity is the spinor variety; a pure
pencil is a projective line contained in that variety. A common annihilator of several pure vectors
or rays is the intersection of their annihilators. The contractions ¢s» are the standard annihilation
operators; their common kernel on A®W is the intersection of their ordinary linear kernels.

A linear isometry of W @ W* is an invertible linear map that preserves the displayed symmetric
bilinear form. The Witt extension theorem says that an isometry between two isotropic subspaces
extends to an isometry of the whole nondegenerate space. The group of all such isometries is denoted
O(W @& W*), and its determinant-one subgroup is SO(W @& W*). The Pin/Spin (Clifford) lift is
the induced invertible action on A*W intertwining the Clifford action; a determinant-reversing
isometry uses the Pin action, or equivalently one fixed-mode flip in addition to a Spin action. Thus,
if g€ O(W @ W*) and Uy is a lift, then, up to the immaterial nonzero scalar in the choice of lift,

Uy (z . u) = (g92) - Ug(u). (15)

The next lemma supplies the ordered-planar realization statement needed later; it is not being folded
into the terminology.

Lemma 4.3 (Ordered transpose and Clifford-lift realization). The following statements use the
matriz convention (12).
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(a) If P is an r-input, t-oultput exact matchgate matriz, then PT is a t-input, r-output exact
matchgate matriz.
(b) For g € O(W & W¥), the ordinary coefficient matriz of any Pin lift Uy in the ordered exterior-

monomial basis is an invertible t-input, t-output exact matchgate matrixz. The same is true of
UL
g

Proof. For (a), let G realize P, so P(z,y) = G(x, pt(y)). If r +t = 0, transposition changes nothing
and the claim is immediate. Otherwise reflect the embedded graph and mark the reflected copy of
the old last external port as the new first port. In the resulting prescribed order its signature is

H(y,z) = G(pr(2), pi(y)).

Reflection preserves planarity, weights, and deletion-signature values. Moreover,

H(y, pr(x)) = G(z, pe(y)) = P(x,y) = P (y, ),

so the reflected matchgate realizes exactly PT. Notice that this argument does not assert that a
bare unsigned wire reversal is a matchgate transformation.
For (b), define the coefficient convention by

Ug(ey): Z (Ug)x,yez-

ze{0,1}¢
Take ordered copies Wiy, Wout of W and, in the ordered graded-tensor identification A(Wiy, & Woyt) =2
AVVin @ AWouta put
o in t
Q= Z ey A eZ?(y)‘
y€{0,1}

Here ® denotes the graded tensor product, with all input modes ordered before all physical output
modes. This is the signature of the nested-unit-edge realization of J;; = Is: described above, and
hence is a pure spinor. First assume g € SO(W @ W*) and take its even Spin lift. In the ordered
factorization above its action on doubled spinors is literally Ug@)I : input creation and contraction
act on the first factor, while contraction of an input covector with the second factor vanishes. Since
the lift is even, it intertwines the doubled Clifford action with g @& I. Therefore

Ann((U,@1)) = (9@ I) Ann(),
which is again maximal isotropic. Consequently
Qg == (U1 )
is pure and therefore satisfies the matchgate identities. Its ordered coordinates obey

Qg (x’pt(y)) = (Ug)z,y,

so Lemma 4.2 realizes the ordinary matrix of U, as an exact planar matchgate in precisely the
prescribed input/output order.

If det g = —1, fix a standard determinant-reversing mode reflection s with s> = I whose lift
is the exact fixed-mode flip recorded above, and put h = sg € SO(W @& W*). Up to a nonzero
scalar, a Pin lift of g = sh is the ordered composition of that fixed-mode flip with the Spin lift of
h. Exact matchgate matrices are closed under this ordinary planar composition and under nonzero
rescaling. This proves the assertion for every Pin lift. Applying the same argument to g—! proves it
for U, 1 O
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An exact-matchgate row space is also called a Gaussian row space, and an invertible match-
gate transformation a Gaussian transformation. In the Grassmann description, symbols such as
&,...,8, M1, ..., n: are anticommuting input and output variables. A pivot chart chooses a nonzero
matrix coordinate, uses fixed input/output flips to place it at the vacuum coordinate, and divides by
that coordinate; pivot-normalized means that this pivot is 1. In such a chart a matchgate matrix
has a skew quadratic parameter matrix in the standard Pfaffian/Grassmann chart [4,24]

An B
A= (_BT Dout)

and coefficient-generating polynomial
LT T L 1
exp 55 Aing +§ B77 + 577 Doutn .

The variables anticommute, so the exponential is a finite exterior-algebra polynomial; the coefficient
of each input—output monomial is the corresponding matrix entry. If the pivot output row is the
vacuum, all its two-output coordinates vanish and hence Dy = 0. Multiplication on the input
Grassmann algebra by the inverse input-only exponential removes Ay, by ordinary invertible row
operations. More explicitly, for ¢(§) = %STAinf, the map

L_q:p(&) — exp(—q(&)) A p(€)

is an invertible linear map with inverse L,. Applied coefficientwise in 7, its ordinary coefficient matrix
left-multiplies the matchgate matrix and hence leaves its row space unchanged. No exact-matchgate
claim about L_, is needed: since the exterior elements involved are even,

exp(—q) A exp(q + &' Bn) = exp(¢ By),

and the matrix on the right is independently exact by the same principal-Pfaffian chart. Its coefficient
matrix, up to the fixed signs dictated by (12), is the exterior-compound matriz

min(s,t)
& riB.
q=0
If d = rank B, then
min(s,t) d d
rank NB | = < ) =24, (16)
® )zl

The nontrivial Clifford-lift realization has been isolated in Lemma 4.3; the remaining geometric
inputs are stated with citations where they enter the proofs.
4.5 Algebraic geometry and transcendence conventions

For a field K C C, affine N-space AY¥ has coordinate ring K[Y1,...,Yy], the polynomial ring of
its coordinate functions. An ideal is an additive subgroup of a ring closed under multiplication by
arbitrary ring elements. If I C K[Y7,...,Yn] is an ideal, write

Ve(I) == {y € CV : p(y) = 0 for every p € I}.
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A set X cut out in AY by an ideal I C K[Y3,...,Yy] is called a K-defined affine algebraic set; its
complex points are X (C) := V¢ (I). A subset of CV is K-defined Zariski closed if it equals X (C)

for such an X. The Zariski closure 5 is the smallest Zariski-closed set containing S; S is Zariski
dense when that closure is the whole ambient space, and a closed subset is proper when it is not the
whole ambient space. A closed set is irreducible when it is not a union of two proper closed subsets,
and an irreducible component is a maximal irreducible closed subset. We use affine algebraic set and
affine variety interchangeably and do not require irreducibility.

The dimension of an affine algebraic set is its Krull dimension: the largest length of a strict chain
of irreducible closed subsets, equivalently the maximum dimension of its irreducible components;
in particular dimAY = N. A principal open set has the form D(f) = {z : f(x) # 0}, and
Gy := AY\ {0}. A regular map or morphism has coordinate functions that are regular: locally
they are quotients of polynomials with nonvanishing denominators. On a closed affine algebraic set,
polynomial coordinate functions give the special case used below; on G,,, Laurent polynomials—finite
sums of integer powers of the coordinate—are also regular. We use the standard facts that

—Za

dim ¢(X)™™ < dim X
for a morphism ¢, that product dimensions add, and that extending the ground field from Q to C
does not change dimension.

A polynomial is homogeneous of degree d when every one of its monomials has total degree
d; a homogeneous degree-two polynomial is a quadric. A projective algebraic set in P(U) is the
common zero set of homogeneous polynomials, and its homogeneous vanishing ideal consists of all
homogeneous polynomials vanishing on it. Saying that this ideal is generated by quadrics means
that every polynomial in it is a polynomial combination of degree-two generators. Restricting a
quadric to a projective line P(L), where L is a two-dimensional vector subspace, gives a homogeneous
degree-two polynomial in two line coordinates; three distinct zeros force that restriction to vanish
identically.

If X = V(1) € C™ and a polynomial map ¢ : X — CV has target coordinates Y1, ..., Yy, its
graph ideal is

Ji=1+(Y; - 6,(U): j € [N)) C K[U, Y],

and J N K[Y] is the corresponding elimination ideal. The elimination theorem identifies the Zariski
closure of the image with Vi (JNK[Y]). A Grobner basis is a generating set whose leading monomials
generate the leading-monomial ideal for a fixed term order, meaning a multiplicative well-order of
monomials; the leading monomial is the largest monomial in that order. An elimination-order basis
computes this intersection. We use only the elementary fact that a Grébner basis over Q remains
one after extending coefficients to C.

For S C C, Q(S) denotes the smallest subfield of C containing Q U S. Elements ay, ..., a,, are
algebraically independent over Q if no nonzero polynomial in Q[X7, ..., X,,] vanishes at them. The
transcendence degree trdegg K is the maximum cardinality of an algebraically independent subset of
K; the coordinate field of a tensor is the field generated by all of its coordinates. The compositum of
subfields is the smallest field containing all of them, and transcendence degree is subadditive under
finite composita. By finite Zariski avoidance we mean choosing a point outside a finite union of
proper Zariski-closed sets.

For the number-theoretic argument, the square-class group Q* /(Q*)? identifies nonzero rationals
whose quotient is a rational square. A multiquadratic field is a field Q(\/dy, ..., \/dy) obtained
by adjoining finitely many square roots. These terms occur only in the proof of the explicit
transcendental table.
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4.6 Bases and valid common presentations

For an integer t > 0, a width-t base from Boolean blocks to a finite domain D is a matrix
M e CP?, (17)

Rows are indexed by D and columns by ¢-bit strings. This is Xia’s orientation [24]; Chen uses the
transpose orientation [11].

A row of the form e] encodes its domain state by the Boolean block codeword b € {0,1}t. For
several blocks we abbreviate

€xq,....tm -— Cx X Reg,,-

If G = M®"H, then H is a Boolean preimage of the domain signature G under M. A base collapse
is the replacement of a valid width-t presentation by a valid presentation of the same problem
at smaller width. A holographic algorithm uses such a presentation to replace the domain tensor
network by a Boolean matchgate network and hence by weighted perfect matching; the present paper
studies exact representability and does not infer an algorithmic running time from width alone.

We view a left domain signature F': D® — C as a row tensor and a right Boolean signature
H: ({0,1}))® — C as a column tensor. We call b the block arity of H and write barity (H) = b; its
ordinary Boolean arity is bt. Their blockwise transforms are

a
F=FM®?, F(z,...,za) = Y FO) [] Mij ;. (18)
icDha j=1
b
G =M*"H, Gi)= Y Hwi...,w) [[ Mia;- (19)
x1,..,2,€{0,1}¢ j=1

Every z; is a consecutive t¢-bit block, and the displayed block order is the external linear order
compatible with the planar cyclic order. This is block-major order: list every wire of block 1, then
every wire of block 2, and so on. The traditional names for the transformed left signatures F'M®®
and the Boolean right preimages H are generators and recognizers, respectively. Simultaneous
realizability means that the same base makes all of these labelled tensors exact matchgates. A
full-rank gemerator is a generator whose matrix obtained by choosing one Boolean block as output
and all remaining blocks as inputs has rank equal to rank M = 2"; writing that matrix as AM, its
left factor A is then a full-rank matchgate realizer in the sense of Section 4.4. This phrase is used
only in the historical discussion. A singleton symmetric left family contains one signature invariant
under every permutation of its ports; a blockwise-symmetric Boolean signature is invariant under
permutations of its equal-sized Boolean blocks. These historical terms occur only in the literature
discussion. Equations (18)—(19) also fix the tensor variance used throughout the paper.

For a Boolean column tensor ) on k consecutive r-bit blocks and Boolean row tensors g, ..., gk
on one r-bit block, define the multilinear, non-Hermitian contraction

k
Contr(Q; g1, .. -,9k) := Z Q(x1,...,xk) H gj(x;). (20)
j=1

wlv---vxke{ovl}r

No complex conjugation occurs. For r > 1, the contraction is represented by the closed block-star
tensor network in Figure 2. Each arm contains 7 distinct ordered Boolean wires, whose values form
xj = (2j1,...,25,) € {0,1}". These entries are separate summation indices; in particular, there is
no copying constraint ;1 = --- = xj,. The schematic is drawn for £ > 3; when k = 1 or 2, only the
corresponding distinct arms remain.
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| T1€ {07 1}r

| g1

| w2 €{0,1}" :M

| Tk € {Ovl}T 9k

Figure 2: The closed block-star tensor network representing Contr(Q; g1, ..., gx). The central tensor
@ has k consecutive r-port blocks, and the jth arm connects g; to block j. The within-arm order is
fixed in the paragraph below. Each three-stroke bundle schematically represents the r distinct wires
of an arm and is not a literal wire count; intermediate arms are suppressed.

For r = 0, every block is the unique empty word, no wires are present, and the contraction
reduces to Q H§:1 gj.

We use the identity block-order convention in (20): the jth block and its internal coordinate order
in @ contract with g; in that same order. There is one planar-order point to check. Noncrossing
physical gluing reads the ports of the leaf in the reverse order from the central block. Realize on the
jth arm the reflected exact matchgate 95" = gj o pr, which is exact by Lemma 4.1. If the central
coordinate is z;, the leaf is physically read as p,(z;) and contributes ¢;*(p(z;)) = g;(x;). Thus
the algebraic same-order contraction in (20) is an exact planar matchgate contraction whenever @
and the g; are exact matchgates.

In Xia’s output-port convention, the same scalar is written, after the coordinate reindexing

Q(x1, ... k) = Qpr(21), - ., pr(z)), as

k
Z Qp($177$k)ng(pT(xJ))
j=1

xlw"vxke{ovl}r

Here Q” is only a fixed renaming of coordinates for comparison of conventions; we do not assert that
an arbitrary blockwise reversal of () is itself a matchgate operation. The renaming uses exactly the
same coordinate sets and hence does not alter any coordinate-field or transcendence-degree bound.
We suppress these fixed permutations below.

We also use partial contraction. For J C [k], define the tensor on the uncontracted blocks by

Contr; (Q; (9j)jes) (@)egs) = Y Qa1,...,zx) [ g5(x;)- (21)

(%5)jeq JjeJ

In an expression such as Contr(Q; g1, g2, —, ..., —), each dash marks an uncontracted block and the
surviving blocks retain their original order. The reflected-leaf argument above and ordered planar
matchgate closure from Section 4.3 show that such a partial contraction is again an exact matchgate
whenever all participating tensors are exact matchgates.

Definition 4.4 (Valid holographic presentation). Let F be a finite labelled family of domain-D
row signatures, let H be a finite labelled family of Boolean column signatures with specified block
arities, and let M be a width-t base. The triple (F,H, M) is a valid common planar holographic
presentation if

FM® arity (F) c MGtarity(F) for every F e ]:7 H e MGt barity(H) for every H e H,
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in the prescribed blockwise cyclic orders. Its induced domain problem is
F|IMH,  MH:={MPtE g g eny,
with labels inherited from H. The same base M is used for every label on both sides.

The presentation is over a subfield K C C if every coordinate of M, every domain tensor, and
every Boolean preimage lies in K, and the required exact planar matchgates can be realized with edge
weights in K. We use valid presentation and wvalid common matchgate presentation as abbreviations
for the object in Definition 4.4. A statement made labelwise means separately for each original label,
without merging or replacing the label family.

Associativity of tensor contraction gives the holographic identity

Holant; (F | MH) = Holant (FM | H) (22)

for every corresponding planar instance, where FM denotes the family of transforms in (18). The
cyclic order is unchanged.

4.7 Realized supports, Gaussian mobility, and flags

Fix a qutrit presentation (F,H, M) with V = C? and a width-t base M of row rank three. Consider
the all-left gadget closure of its induced problem F | MH. For a connected all-left gadget I'" with
nonzero boundary tensor ITt, and a distinguished boundary edge e, the subspace

Se(T) := Sjey(Tr) < V*

is a realized support. Thus “realized” always means that the support occurs at an actual port of an
actual connected planar gadget, not merely in a linear combination of tensors. Define

Sg:={S():dim S.(T') =d}, de{1,2}. (23)

The support geometry of the closure is the pair (S1,S2) together with the containment relations
among its realized rays and planes and, for each realized plane, the two parity endpoints induced by
M. Cyclic rerooting at a distinguished t-wire Boolean block means rotating the boundary order until
that block comes first and designating it as the input block; the wires inside the block retain their
inherited order. To check the coordinates, let s wires remain, write the physical block flattening of
the rerooted matchgate tensor G as

Fo(z,w) = G(z,w), z€{0,1}, we{0,1}°,
and let
Ac(z,y) == G(2,ps(y))

be its t-input, s-output exact matchgate matrix. Thus Ag = FgRs for the column-permutation
matrix Rg induced by ps, and

col(Fg) = col(Ag) = row(AL). (24)

We call col(Fg) the block support at the distinguished block; it is the support of the whole block,
rather than of one Boolean wire. By Lemma 4.3, A-Cr, is exact. Hence the reversal acts only on
the complementary column index and never on the distinguished block. Consequently a realized
line maps literally to a pure matchgate ray, and a realized plane P maps literally to the rank-two
Gaussian row space PM, with pullback parity endpoints P+, P~ as defined in Section 4.4.
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Definition 4.5 (Monomial flag and connection-primality). Suppose P € S and L € §; with L ¢ P.
The pair (P, L) is a monomial flag if

82:{P}7 Slg{P+7P_aL}'

The all-left gadget closure is connection-prime if its realized supports span V*, Sy is nonempty, and
it admits no monomial flag.

An adapted ray basis for a flag (P, L) is an ordered basis of V* obtained by choosing nonzero
generators of PT, P~ and L. Changing those generators only rescales the three coordinates.

The names used in the trichotomy are now literal. A ray-only or ray-separable closure has
Sy = I. A Gaussian-mobile closure has a realized plane but no monomial flag; the proofs show
that its moving planes or rays generate a constant-rank Gaussian cover. A one-plane flag closure
admits a monomial flag. A Boolean matchgate core on P times pure-ray factors is a tensor obtained
by encoding an m-bit signature h € MG, in an ordered endpoint basis (pg, p1) with pg € PT and
p1 € P~ at the plane-supported ports, and tensoring nonzero generators of P*, P~ or L at the
remaining ports. The exact coordinate formula is proved in Lemma 10.9. Rank-one stripping is the
elementary step of factoring off such a ray at a line-supported port. For a fixed adapted basis, the
residual right tables are the labelled coordinate arrays obtained from induced right tensors after
contracting selected ports with fixed pure-ray factors and expressing all remaining plane-supported
ports in the dual endpoint coordinates. Their port order and labels are retained. This phrase names
the right-side data left uncontrolled by the all-left flag normal form; it does not introduce a new
gadget operation or a new notion of equivalence.

5 Matchgate Parameter Bounds and Star-Table Varieties

The technical framework of Sections 4.3 and 4.5 turns the width question into a parameter-counting
problem. We begin the negative lane of Figure 1 by asking how much independent information a
width-r labelled matchgate star can encode. We first bound the parameter dimension available to a
single matchgate and then propagate that bound through sampled block contractions. The resulting
Q-defined star-table closures are the low-width algebraic loci that Section 6 will avoid.

For s > 0, set
S
0(s) =1 .
©=1+(3)

Lemma 5.1 (Coordinate transcendence bound). For every integer s > 0 and every G € MGy,
trdegy Q(G(x) : x € {0,1}%) < 4(s). (25)

Proof. For s = 0, the signature consists of one scalar, so the claim is immediate. The zero signature
is also immediate. Suppose therefore that s > 1 and G # 0. Choose a pivot X € {0,1}* with
c:=G(X)#0.
Matchgate parity implies that G(Y) = 0 whenever dist(X,Y) is odd. The standard pivoted
Pfaffian chart for the matchgate identities [6] gives fixed signs n;; € {+1, —1} such that
G(X ®1y5,)

aij = mij— " (1<i<j<s) (26)

are the upper-triangular entries of a skew-symmetric matrix Ax. For every even subset T C [s],
there is another fixed sign nr € {41, —1} for which

G(X @ 17) = nrc PH(Ax[T]). (27)
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Here 17 is the indicator bit string of T', and @ is bitwise exclusive-or. The signs depend only on
the pivot X, the indicated index set, and the ordered-coordinate convention, not on the coordinate
values of G.

Equations (26) and (27) show that every coordinate of G lies in

Qe {GX @1y ) :1<i<j<s}).

This field has at most 1 + (;) generators over Q, which proves (25). The argument uses a pivot of
the particular nonzero signature and treats both parity components; the zero signature was handled
separately. O

The next proposition packages the information bound in the form needed for labelled closed-star
instances. We call L the sampler alphabet, the family (g¢)scr the samplers, and T the corresponding
sampled star table. When L = {0,1}, (go, g1) is the sampler pair, and the displayed contraction is a
star-table representation.

Proposition 5.2 (Sampled star-table bound). Let L be a finite set of size ¢ > 1, and let k > 1 and
r > 0. Suppose
g € MG, (£ € L), Q € MGy, .

Define a table T: LF — C by

T(ly,...,0;) = Contr(Q; gey s - - -, 9oy, ) (28)
where the jth r-bit tensor factor is contracted with the jth consecutive block of Q). Then
trdegg Q(T'(€) : £ € LF) < qd(r) + 5(kr). (29)

Proof. Let K be the field generated over Q by all coordinates of {gy : £ € L} and Q. Every coordinate
in (28) is a polynomial with integer coefficients in these generators, and hence

Q(T(e): L€ L*) CK.

Transcendence degree is subadditive under field composita. Applying Lemma 5.1 to the ¢ unary-block
signatures and to () gives

trdeg@ K< 25(7“) +6(kr) = qb(r) + 0(kr),
i=1

as required. O

We now promote the same parameter count to an algebraic-geometric statement. This is the step
that permits an integer obstruction even though integer coordinates have transcendence degree zero.

For s > 1 and v € {0,1}, let MY C A?Qf be the affine algebraic set obtained by imposing the
parity-v coordinate equations Y, = 0 whenever |z| Z v (mod 2), together with the matchgate
identities in the fixed external order. All these equations have integer coefficients. Set

M, = mum’.

This is a Q-defined closed algebraic set; its defining ideal may be taken to be the intersection of the
two parity-component ideals. Necessity and sufficiency of the matchgate identities, together with
parity, imply

M (C) = MG, (30)
where the zero tensor belongs to both parity components [6]. Separately, set 9y := A}@, so that
My(C) = MGy = C.
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Lemma 5.3 (Dimension of the matchgate variety). For every s > 0,
dim M, < §(s) = 1 + <;> (31)

Proof. The assertion is immediate for s = 0. For s > 1, dimension is unchanged under the field
extension Q C C, so we work after base change to C.

Fix one parity component and a bit string X of that parity. Let Ux be the principal open subset
on which the coordinate indexed by X is nonzero. For fixed pivot-dependent signs nx 7 € {+1, -1},
define a regular map

by G x AG) 5 A%

by
nx,rc PE(A[T]), |T'] even,

—1, 39
0, T odd,  ° (32)

Yx (e, A)(X ©17) = {

where A ranges over the skew-symmetric s x s matrices. This map is defined over QQ. The pivoted
Pfaffian chart (26)—(27) shows that every point of Ux lies in the image of )x. Hence

dim Uy < dim (Gm x A(§)> — 14 <;>

The finitely many Ux cover all nonzero points of the chosen parity component; adjoining the zero
point does not increase dimension. Taking the maximum over the two parity components proves the
claim. a

Fix k>1and r > 0. On
%kﬂ" = f)ﬁr X mr X mkr, (33)

define the -morphism
‘I)k’rt :{k,r — Ag

Index the target coordinates by bit strings z = (z1,...,2;) € {0,1}* and set

(@1 (90, 91, Q)] (2) := Contr(Q; gzys - -5 92,) (2 €{0,1}). (34)

Every output coordinate is a polynomial with integer coefficients in the source coordinates. This
formula also covers r = 0: the three matchgate signatures are then scalars and every block has the
unique empty word. Identifying Ag (C) with the table space C{0-1} k, let

Sy 1= @1 (B, (C)) OB 3, G C o, (35)
Proposition 5.4 (Algebraic star-table bound). The variety 3, is defined over Q and satisfies
dim 3, < Diy = 20(r) + 6(kr). (36)
In particular, if Dy, < 2k then 3k, s a proper Q-defined Zariski-closed subset of clo*

Proof. By Lemma 5.3,
dim X, < 20(r) + 6(kr).

The dimension of the Zariski closure of the image of a morphism is at most the dimension of its
source, proving (36).
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It remains to verify that 3 , is defined over Q. Let U denote all source-coordinate variables and
let Y = (Yz)ze{m}k be the target coordinates. Choose a Q-coeflicient ideal

Ik‘,r - Q[U]

whose complex zero set is Xj,(C). In Q[U, Y], form the graph ideal

Jer 1= Ter + (Ve = [0, (U)](2) 1 2 € {0,1}F)

and its elimination ideal
Ek,r = Jkﬂ« N Q[Y]

After extending scalars from Q to C, the elimination theorem gives

3kr = Ve (Er,y).

Equivalently, an elimination-order Grébner basis computed over Q remains a Grobner basis after
extension to C. Thus 3, is defined over Q. If Dy, < 2% its dimension is smaller than that of the
ambient affine space, so it is proper. O

6 Two Obstruction Tables

The parameter budget of Section 5 reduces the next step to an avoidance problem: find a 2*-entry
table outside every relevant low-width star-table closure. Using the tensor and algebraic-geometric
conventions of Sections 4.1 and 4.5, we obtain two nowhere-zero witnesses whose one-versus-rest
flattenings all have rank two: a closed-form transcendental table and a positive-integer table selected
by finite Zariski avoidance. The integer witness drives the rational qutrit construction, while the
transcendental witness gives an explicit companion. The next section addresses the complementary
question of realizing these hard tables exactly at a larger finite width.

6.1 A closed-form transcendental table

We next construct a table with the maximum possible coordinate transcendence degree 2¥. The only
transcendence-theoretic input is the following standard consequence of the Lindemann—Weierstrass
theorem.

Lemma 6.1. Let py,...,pn be distinct primes. Then

eXp(\/ITl)v ceey exp( \/pN)
are algebraically independent over Q.

Proof. The prime square classes are independent in Q* /(Q*)?: unique factorization shows that a
product [, pi* with ¢; € {0,1} is a square only when every ¢; = 0. Hence the multiquadratic field
Q(\/p1,---,+/PN) has the automorphisms that independently change the sign of any one square root;
an automorphism here is a bijection preserving addition, multiplication, and every rational number.
Applying such an automorphism to a putative rational linear relation and subtracting shows that
V/P1;--+,+/PN are linearly independent over Q.

Suppose that a nonzero polynomial P € Q[X}, ..., Xy] vanished at the displayed exponentials.
Expanding its monomials would give

N
Z Cm €XP (Z m“/p>1> =0, (37)
=1

meS
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for a finite nonempty S C Zgo and nonzero rational coefficients ¢,. Linear independence of the
square roots makes the algebraic exponents in (37) pairwise distinct, including the zero exponent if
P has a constant monomial. The Lindemann—Weierstrass theorem says that exponentials of distinct
algebraic numbers are linearly independent over @ [20]. This contradicts (37). O

Fix k > 2, and let py,...,pyr be the first 2¥ primes. For z = (z1,...,2;) € {0,1}*, define its
one-based lexicographic index by

k
indg(z) =1+ ) 22877 € [2¥], (38)
j=1
and set
122) = exp(\ Py ) - (39)
Every entry is positive and nonzero. By Lemma 6.1,
trdegg Q(f{(2) : 2 € {0,1}%) = 2~. (40)

Proposition 6.2 (Explicit transcendental obstruction). Every one-versus-rest flattening of f* has
rank two. Moreover, if r > 0, go, g1 € MG, and Q € MGy, satisfy

(2) = Contr(Q; gsy 5 - - - 2 Gz) (z €40, l}k),

then
2k < 26(r) + 6(kr). (41)

Proof. For each port, choose two distinct assignments to the other £ — 1 coordinates. The corre-
sponding 2-by-2 determinant is the difference of two distinct degree-two monomials in four different
entries of f{*. It is nonzero because those entries are algebraically independent by (40). Thus every
mode flattening has rank two.

Apply Proposition 5.2 with the sampler alphabet L = {0, 1}, then use (40). O
6.2 A positive-integer table

We use the following elementary density fact.

Lemma 6.3 (Density of the positive integer grid). For every N > 1, the set Zgo is Zariski dense in
CcN.

Proof. We induct on N. A univariate polynomial vanishing at every positive integer is zero. For
N > 1, write a polynomial vanishing on Z]>V0 as a polynomial in its last variable. After fixing any
positive integer values of the first NV — 1 variables, the resulting univariate polynomial has infinitely
many roots, so every coefficient vanishes on Z]>V(; ! The induction hypothesis makes all coefficient
polynomials zero. O

Proposition 6.4 (Positive-integer obstruction). For every k > 2, there exists a table
fint. 10, 1}F — Zwg (42)
such that, for every r >0, go, g1 € MG,., and @ € MGy, the identities

£it(2) = Contr(Q; gz - -, 95) (2 €{0,1}7) (43)
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imply
2k < 26(r) + 6(kr). (44)
The conclusion allows the representing matchgates to have arbitrary complex weights. In addition,

every one-versus-rest flattening of f,icnt has rank two.

Proof. Let
Ry = {T S ZZO : Dk,r < Qk}.

This set is finite because Dy, = 25(r) + §(kr) tends to infinity with r. Moreover, Dy o = 3 < 2¥ for
k> 2,500 € Ry. For each r € Ry, Proposition 5.4 makes 3, a proper Q-defined closed subset of
C{O1* | Tts defining ideal therefore contains a nonzero polynomial Py € Q[(Y2) eq0,13#]- The finite

product
Pp:= ][] Per
rERY

is nonzero. For every port j, choose two distinct assignments wu;, v; € {0, 1}~ and let Aj be the
corresponding symbolic 2-by-2 flattening minor. Each A; is a nonzero polynomial, so

k
P, H A
j=1

is nonzero. By Lemma 6.3, choose a = (az) ,cf0,135 € Z2>k0 on which this product does not vanish,
and set fi"(z) = a,. The nonzero minor A;(a) gives rank at least two in mode j; the two-row shape
gives rank at most two. Thus every mode rank is exactly two.

Suppose (43) holds at width r. Then f]int lies in the exact image Sy, and hence in 3 ,. Because
Sk» was defined using all complex points of the matchgate parameter space, this implication places
no algebraicity or field-of-definition restriction on the representing matchgates. If Dy, < 2% then
r € Ry, which would force Py, ( f,int) = 0, contrary to the choice of a. Therefore Dy, , > 2k proving
(44). O

Remark 6.5. The integer table is existential but effective in principle: for each of the finitely many
relevant widths one may compute elimination equations, then enumerate positive integer tables
until their product does not vanish. The proof supplies no useful running-time, height, or bit-length
bound. By contrast, fi" has a simple closed formula but uses transcendental constants. Keeping
both versions separates these two tradeoffs cleanly.

7 Pfaffian Interpolation on Two Block Codewords

The tables of Section 6 force every matchgate-star representation to obey the width inequality
derived in Section 5, but a counterexample also requires an exact presentation at some finite width.
Using the Pfaffian and ordered-block conventions of Sections 4.3 and 4.6, we solve this realization
problem in a field-preserving form: every nowhere-zero Boolean table can be interpolated by one
exact matchgate on the two repetition codewords in each block. This construction supplies the
Boolean preimage that will be packaged into a qutrit presentation in the next section.

Theorem 7.1 (Block-Pfaffian interpolation). Let K C C be a subfield, let k > 1, let f: {0,1}F — KX,
and put t = 28, There is an exact matchgate signature Hy € MGy with coordinates in K, on k
consecutive t-bit blocks, such that, for
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one has
He(coyyooohez) = fz1,..0,21) for everyze{O,l}k. (45)

More precisely, the construction produces a named skew-symmetric matriz Ay € KFXEE phose
principal- Pfaffian signature is normalized by
f(z)
FAf(czl,...,czk):W, La,(co,.--,c0) =1, (46)
and Hy = f (0F)I' 4 s+ The blocks and all wires within them occur in the specified external linear order.
Moreover, Hy has an exact planar matchgate realization whose edge weights all lie in K.

The construction has one independent Pfaffian component for each nonempty S C [k]. Its
principal Pfaffian will equal a multiplier yg when every block in S is selected and will equal 1
otherwise. Disjointness then multiplies these contributions and implements a multiplicative M&bius
expansion of f.

Proof. We first decompose the table multiplicatively. For each nonempty subset S C [k], define
ys € K recursively under inclusion by

_ f(15)/f(0%)

I w

GAUCS

(47)

where 1g € {0,1}* is the indicator of S. The denominator is nonzero. The recursion determines the
multipliers in increasing order of |S|. Induction on |T| gives

JUIREE e} (49)
@£SCT

with the empty product interpreted as 1.
We now define a skew-symmetric matrix whose principal Pfaffians implement the left side of (48).
In logical block i € [k], create an adjacent ordered pair of modes

(asi,bs,i)

for every subset S C [k] containing i. A fixed block contains 2 - 2¥~1 = 2% =t modes. Order the
blocks by increasing 7; within each block, order the pairs lexicographically by S, with ag; immediately
before bg ;; explicitly, subsets are compared by their indicator words 1g in lexicographic order.

Let Ay be the skew-symmetric matrix indexed by these kt ordered modes. All its entries lie in
K. All unspecified upper-triangular entries are zero, and different subsets S have no entries between
their modes. For a singleton S = {i}, set

Atlas,i, bsi] = ys. (49)
For S = {i; < --- <is} with s > 2, set the baseline entries
Aflas,, bsq,] =1 (1<q<ys), (50)
the consecutive alternate entries

Af[bS,iq7aS,iq+1] =1 (1 <qg< 5)7 (51)
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and the closing entry
Aflasiy, bsi] = ys — 1. (52)

The entries in the reverse direction are fixed by skew-symmetry.

Fix one subset S and suppose a set T C [k] of logical blocks is selected in full. The selected modes
in the S-component are precisely the pairs indexed by SNT. If |S| = 1, then (49) immediately gives
contribution yg when S C T and contribution 1 otherwise. Assume henceforth that |S| > 2. The
baseline and alternate positions in (50)—(52) form one formal alternating cycle on the 2|.S| modes.
The Pfaffian expansion may be viewed on this cycle; if yg — 1 = 0, the alternate matching term is
simply zero. If S ¢ T, deleting the unselected two-vertex pairs breaks this cycle into disjoint even
paths. Each such path has its baseline edges as its unique nonzero perfect-matching monomial, so
the component Pfaffian is 1; the same holds when no pair is selected because Pf(Af[@]) = 1.

If S C T, all modes of the component remain. The cycle has exactly two formal perfect-matching
terms, one possibly zero. In the local order

aS,il 5 bS,i17 DI aS,isa bS,is7

the baseline matching consists of adjacent pairs and has Pfaffian sign +1. The alternate matching
consists of the pair in positions (1, 2s) and the adjacent pairs (2,3),(4,5),...,(2s — 2,25 — 1), so it
is noncrossing—no two paired intervals interleave in the displayed linear order—and also has sign
+1. Its weight is yg — 1. Thus the full S-component contributes 1 + (ys — 1) = yg. This reasoning
also allows yg = 1, in which case the second term is zero; a zero-weight edge may be omitted from
the eventual planar matchgate.

Let I'4, be the principal-Pfaffian signature from (11). Its coordinates are Pfaffian polynomials
with integer coefficients in the entries of Ay, so they lie in K. The principal-Pfaffian relations imply
the matchgate identities; by Lemma 4.2, I'4, has an exact planar realization over K in the stated
order. For a logical assignment z € {0,1}*, let T'= {i : z; = 1} and evaluate I'4, on the block word
(Czys--.,Cz). Regrouping the selected modes by S permutes only adjacent two-coordinate chunks
(asi,bsi). Every transposition of two chunks has sign (—1)*? = +1, and regrouping preserves
increasing ¢-order within a fixed S. Pfaffian factorization over the disjoint components therefore
introduces no global sign. The component analysis and (48) give

La, ez, yez) = H ys =
G£SCT

f(z)
. 53)
F(0F) (
Finally, multiply the whole matchgate signature by the nonzero scalar f(0¥) € K, for example by
taking a disjoint internal edge of that weight. The resulting exact matchgate signature Hy is realized

over K and satisfies (45). The matrix order was block-major throughout, so this construction also
proves the asserted external linear order. O

Remark 7.2. The construction specifies the target signature exactly through (11), (47), (49)—(52),
and the final scalar multiplication by f(0*). The field-preserving matchgate-identity sufficiency
theorem supplies an exact planar realization over the same coefficient field. It is applied to the
Pfaffian tensor I'4,; the parameter matrix Ay itself is not asserted to be planar. No claim of
polynomial-size encoding or polynomial-time construction is intended: the theorem concerns exact
representability.
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8 The Controlled Domain-Three Presentation

The interpolation theorem of Section 7 realizes the positive-integer obstruction from Section 6 on
Boolean blocks, but it does not yet produce a qutrit language with the structural properties required
by Theorem 3.1. Using the tensor-transform, exact-matchgate, and common-base conventions of
Sections 4.1, 4.3 and 4.6, we add marker and control modes and a full-row-rank qutrit base, while
retaining the hard table as an exact restriction of the resulting right tensor. We then verify the
local ranks, two-sided support-essentiality, and connected two-center coupling. This completes the
construction side; the next section asks whether an arbitrary equivalent presentation can compress
it.
Let f = f,ic’[1t be the positive-integer obstruction table from Proposition 6.4, put

to = Qk, Ty =ty + 3,

and use the normalized skew matrix Ay named in Theorem 7.1; normalized means precisely (46).
Put ¢ := 0% and ¢; := 1%. Thus, for z € {0, 1}*, Lap(ezy, o oyey) = f(2)/£(0%).
One qutrit block consists of T}, Boolean wires in the order

(marker; tg selectors; two controls).
Define the three block codewords
bo = (0,0",00), by = (1,0°,00), by = (0,1%,11). (54)

Since tg is even, by, by have even parity and by has odd parity. With e, denoting a Boolean coordinate
vector, set

My= e | e@¥2™. (55)

The rows are distinct coordinate matchgates, so My has row rank three.
The left family contains the pins dg, 1, d2. For a,b € D3, let the qutrit matrix unit E,; be defined
by Egup(u,v) =1 when (u,v) = (a,b) and 0 otherwise, and define the binary signature

Their transforms are exact matchgates: the pins become eg;, and
2 T T
Xor M = ey, p, + €py by (56)

which is the odd two-bit disequality matchgate on the two marker modes, tensored with fixed zero
pins.

It remains to construct the right Boolean preimage. It has k 4+ 2 consecutive blocks: two link
blocks, followed by k hard blocks. Fix one designated hard block j € [k], and set

a=1, B =2, w(0) =a, w(2)=7.

Construct a skew matrix A ¢ on these (k4 2)T}, modes as follows.
1. On the selector modes of the hard blocks, use Ay.

2. Give zero rows and columns to every hard marker and to every nonmarker mode of the two link
blocks.
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3. On the control pair of every nondesignated hard block, put one isolated 2-by-2 skew block of
weight 1: the entry from the first control to the second is 1, its reverse is —1, and all other entries
incident with that pair are zero.

4. Let p,q be the link markers and a, b the controls of the designated hard block. In the external
order p < g < a < b, put

Afla, bl =1, Aflp,ql =, Aglp,al=1, Asg,bl=a—p, (57)

with every other entry involving these four modes equal to zero.

All other entries between the listed components are zero. Let H % be f(0F) times the principal-Pfaffian
signature of Ay, and define

Fi=1{00.61,62, Xon},  Hio={Hy},  Bp=M " H,. (58)

Proposition 8.1 (Exact restriction and rational presentation). The triple (Fi, Hy, My) is a valid
width-T}, exact matchgate presentation over Q, with a full-row-rank base. Its right tensor is integer-
valued. The only nonzero domain coordinates of By have link states in {0,1} and hard states in
{0,2}. For x € {0,1}*, writing 2z = (2x1, ..., 2xy), one has

B(0,0,2x) = f(x), By (1,1,2z) = w(2x;) f(x), (59)
B1(0,1,2z) = 0, Bi(1,0,2z) = 0.

Proof. The left transforms were verified in (56). The scaled principal-Pfaffian signature Hj, has
rational coordinates and, by Lemma 4.2, an exact planar realization with rational weights in the
prescribed order. Hence the presentation is valid over Q.

A principal-Pfaffian coordinate indexed by a codeword selects exactly the matrix rows and
columns at its 1-bits. Hence a link state 2 selects isolated link selectors and controls, while a hard
state 1 selects an isolated hard marker; either choice gives Pfaffian zero. The four-mode control
block satisfies

~

Pt(Asl@]) =1, Pi(A;{a,0}]) =1, PEAi[{p,q}]) =, PEHAi[{p, ¢, a.b}]) =a—(a—p)=p.

Selecting exactly one link marker has odd parity and gives zero. The hard selector blocks contribute
f(z)/f(0%) by (53); the global scale restores f(x). In each surviving case, all added selected
pieces have even size, so regrouping introduces no Pfaffian shuffle sign. This proves (59) and the
coordinate-support restriction. Since f and w are positive integers, By, is integer-valued. O

Proposition 8.2 (Deficiency and essentiality). Every port of Xo1 and By, has flattening rank exactly
two, while the pins have rank one. The language is support-essential on both sides, and By alone
is support-essential on the right. Its link-port support is span(eg, e1) and its hard-port support is

span(eg, €2).

Proof. The assertion for Xy; is immediate. At either link port of By, the state-0 and state-1 rows
have disjoint nonzero supports, while the state-2 row vanishes. Thus the link support is exactly
span(eg, e1).

At every hard port, the state-1 row vanishes. At a nondesignated port, the chosen nonzero 2-by-2
minor of the corresponding flattening Mat;( f) makes the state-0 and state-2 rows independent. At
the designated port, proportionality of those rows by a scalar A € C would, after fixing the other
hard coordinates to some z’ € {0,1}*~1, give the following. Let 2(® € {0,1}* be the extension of '
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having value a at coordinate j. The link slice (0,0) gives f(z()) = Af(2(?)), while the slice (1,1)
gives Bf(z™M) = Aaf(z(?). Since f is nowhere zero, this would force o = 3, a contradiction. Hence
every hard support is exactly span(eg, e2).

These two planes span the right qutrit space. On the left, the three pins span the dual space.
This proves support-essentiality and every rank claim. O

For z € {0,2}*, define the relabelled table

f(2) = f(2/2),  2/2:=(21/2,...,2/2) € {0,1}%. (60)

Proposition 8.3 (A genuinely coupled two-center gadget). Write the two link ports of each copy,
in their prescribed local cyclic order, as {1, {3, followed by the hard ports hy,. .., hy. Join £5 to (%
through one copy of Xo1, and join ¥ to (& through another copy. Draw the first length-two path
above the two centres and the second below them. Thus the link names are cross-paired, but the two
drawn paths do not cross. At each centre the interior corner of the resulting four-cycle is the empty
cyclic sector from €1 to £o; the complementary sector contains h1,...,hy and lies in the outer face.
Both copies therefore retain their prescribed local port orders. Marking h* first, the gadget boundary
order can be taken to be

L L 1R R
hE, o hE TR

On hard assignments z,y € {0,2}*, its boundary tensor is

Kp(z,y) = f(2) f(y) (w(z)) +w(y;)), (61)
Its Schmidt rank across z | y is exactly two.

Proof. Let a and b be the common link states at the left and right centres, respectively. Cross-pairing
the link names does not permute the arguments at either centre. Each By forces its two link states
to agree, and the symmetry of Xy; means that both copies impose the same condition a # b. Exactly
the two pairs (a,b) = (0,1) and (1, 0) survive, giving (61). The full boundary matrix is the sum of
two outer products

F@wE)LF O + FELEF@w)),

and every entry involving hard state 1 vanishes. Its rank is therefore at most two. Multiplication on

the left and right by the invertible diagonal matrices with entries f(z)~! and f(y)~! preserves rank.
After these scalings and restricting to the two values of z;,y;, the remaining matrix is

2 a4+
a+p 28 )7
whose determinant is —(a — 3)? # 0. The Schmidt rank is exactly two, so the gadget cannot factor
as U(z)V(y) into one tensor for each centre. O
For comparison, retain the closed-form table as a companion construction. Let
K= Q(f(2) : z € {0,1}%). (62)

Repeat the controlled construction (54)-(58) with fi¥ in place of fi", using the same base Mj, left
family F, and control weights o = 1, 5 = 2. Denote the resulting Boolean preimage and right tensor
by H;" and B}'.
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Proposition 8.4 (Closed-form companion presentation). The triple (Fy, {f],gr},Mk) is a valid
common width-T}, presentation over K*. The coordinate restriction (59), every rank and essentiality
conclusion of Proposition 8.2, and the two-center conclusion of Proposition 8.3 all hold with f, B,‘;r
i place of f, By.

Proof. Apply Theorem 7.1 over K}* and repeat the proofs of Propositions 8.1 to 8.3. Those arguments
use only nonvanishing and selected nonzero 2-by-2 minors of the one-versus-rest flattenings of the
table, together with «a £ 5. The explicit table has those properties by Proposition 6.2. O

Recall the definition of py from (1). The presentation in Proposition 8.1 shows
e < Ty =28 + 3. (63)

In particular, u is a well-defined finite integer.
For the companion problem, put

pit = bw(Fy | {BI}). (64)

o . r k
By Proposition 8.4, pff < 2%+ 3.

9 The Lower Bound against Arbitrary Equivalent Presentations

The preceding section supplies a valid width-(2% 4-3) presentation, and therefore only an upper bound
on its minimum exact common width. A competing exactly equivalent presentation may change its
finite domain, common base, coordinate tensors, and complex weights. Using the star-contraction
conventions of Section 4.6 and the equivalence notion of Section 2.3, we exploit the preservation of
closed labelled planar instances: a fixed family of labelled stars recovers the same obstruction table
from every competing presentation. The obstruction of Section 6 then yields the quantitative lower
bound and Corollary 3.2.

Fix any finite domain E and any problem P | R over E that is exactly equivalent to Fy, | { B}
in the sense of Definition 2.1. Suppose it has a valid common width-r presentation (P, Q, N), so its
induced right family is R = N Q labelwise, with base

N e ClPIx2", (65)

Let P; € P be the unary left label corresponding to ¢;. Let Bj, € R be the arity-(k + 2) right
label corresponding to Bj. By validity of the new presentation, there is a Boolean block signature
QB € MG j42), satisfying

N®*20p = By, (66)

and the transformed unary signatures
gi = PN € MG, (Z S Dg) (67)

Neither N nor these domain signatures are assumed to have any particular rank. Contract the first
two consecutive blocks of Qp with two copies of gy. Exact matchgates are closed under ordered
planar contraction, so the result is a signature

Qo := Contr(QpB; 90,90, —» - - -, —) € MGy, . (68)

Here each dash denotes an uncontracted block, so Qg retains the final k blocks in their original order.
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For each z = (x1,...,2%) € {0, 1}"’ , consider the closed planar star whose centre is labelled By,
whose two link leaves are labelled dg, and whose jth hard leaf is labelled dg,,. Its original value
is fin*(z) by (59). Exact labelled equivalence gives the same value after replacing these labels by
By, Po, Pay,, ..., Pa,. Equations (66)(68) and associativity in the fixed block order give

k
fif(z) = | Py@ Ry ® R Pas, | Bi,
j=1
= COHtI‘(QB; 90,90, 92x15 - - - 7921k)
= Contr(Qo; 92u,» - - - » G2z, )- (69)

Set go := go and g1 := go. Then (69) is exactly a star-table representation with sampler pair
(9o, g1). Applying Proposition 6.4 therefore gives

2k < 26(r) 4 6(kr)

—9 <1+ <g>> +1+ (k;)
fr(kr = 1)

=3+r(r—1)+ 5

(70)
This derivation uses no coordinate of the arbitrary domain E, no inverse or rank hypothesis on N,
and no relationship between N and the displayed base M. It therefore applies to every presentation
allowed in Definition 2.2, including r = 0.

Finally, for every integer r occurring in the minimization set of Definition 2.2, (70) gives the first
inequality below; the second inequality holds for every integer r > 0:

kr(kr — 1 2
2k3§r(rl)+r(;)§7“2<1+2). (71)

Every such width r must consequently satisfy

2k — 3
TZ|7”1+I<:2/2-" (72)

Taking the minimum over all equivalent presentations proves (2) and (3). Together with (63)
and Propositions 8.1 to 8.3, this proves parts (i)—(v) of Theorem 3.1. The final assertion that
the presentation in part (i) lies in alternative (III) is established in the proof of Theorem 3.3 in
Section 10.

Corollary 9.1 (Explicit transcendental companion). For the closed-form problem Fy, | {Bi} of
Proposition 8.4, every valid common width-r presentation whose induced problem is exactly equivalent
to it, even with arbitrary compler weights, satisfies

ok < 25(r) + 6(kr). (73)

k _ k/2
i ||| -2 (%) <74>

Thus the same unbounded-width result also has a simple closed-form witness, at the cost of transcen-
dental signature values.

Consequently,

34



Proof. Fix a candidate presentation (P, Q,N) from the corollary. Let P; be the unary labels
corresponding to d;, let @ be the Boolean preimage of the right label corresponding to BY*, and put

gi ‘= -PZN € MGT’y QO = COHtr(QB; 9o, 90, =5 -+, _) € MGkr .
The same closed labelled stars used in (69), now with B, give

/f:r(x) = COHtr(Qo; 92$17 R 7929%) (-7; S {O, ].}k)

With gy := go and g7 := g9, this is a star-table representation with sampler pair (go, g1). The explicit
obstruction in Proposition 6.2 proves (73). Substituting the definition of § and repeating (71) proves
the displayed lower bound after taking the minimum over all equivalent presentations. O

Proof of Corollary 3.2. If such a function h existed, applying it to the presentations from Proposi-
tion 8.1 would give py < h(3) for every k. This contradicts py — oo. O

10 The Positive Boundary: Support Geometry and Collapse

Section 9 completes the quantitative negative argument by showing that the constructed qutrit
language cannot be compressed to uniformly bounded width under arbitrary exact re-presentation.
We now turn to the positive/classification lane of Figure 1: under the qutrit, full-row-rank, bi-
essential, and port-deficient hypotheses, which realized support geometries force a constant-rank
common cover, and what structural form remains when they do not? The proof proceeds in the three
stages indicated in the roadmap. Its first stage is support monotonicity, which propagates primitive
port deficiency through the all-left gadget closure and carries the resulting supports faithfully through
the full-row-rank base.

We use the tensor, gadget, ordered-matchgate, and support vocabulary formalized in Sections 4.1,
4.2, 4.4 and 4.7. Thus V = C3, M is a width-t qutrit base of row rank three, and S;, Sy are the
realized supports of (23). These are supports of actual connected all-left gadgets, not of their linear
span. Cyclic input rerooting and the fixed reversal on the complementary output wires are those of
Section 4.7, so ordinary matrix multiplication below is ordered planar composition and no internal
wire permutation is implicit. The parity endpoints P+, P~, monomial flags, and connection-primality
are those of Section 4.4 and Definition 4.5.

The first observation records why primitive deficiency persists at a dangling boundary edge.

Lemma 10.1 (Boundary-support monotonicity). Let I' be a planar gadget, and let a dangling edge
e be incident with port i of a primitive left tensor F. If Tr is the boundary tensor of I', then

Se(I') = Sj(e)(Tr) € Si(F).
Proof. Choose a minimal mode decomposition

d
F:Zua®Fa, Si(F) = spanf{ui,...,uq}.

a=1

Contracting the rest of the gadget changes only the tensors multiplying the u,. Thus

d
Tp:Zua(X)Ra

a=1

for suitable residual boundary tensors R,, proving the inclusion. O
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Using the block-support convention fixed in Section 4.7, for a tensor GG on ¢ consecutive t-bit
blocks let SPk(G) < C101} be the image of the flattening that treats the whole ith block as its row
index and all other blocks as its column index. It differs from the support of one individual Boolean
mode.

Lemma 10.2 (Transformed block supports). Suppose ¢ > 1, T € (V*)®? is nonzero, and M has
row rank three. If T' has mode support U = S;(T') < V* at port i, then

SP(TM®) = UM := {uM :u € U}.
In particular, the two supports have the same dimension.

Proof. Write a minimal mode decomposition

d
T:Zua@)Ta, U = span{uq,...,uq},
a=1

with the T, linearly independent. Full row rank makes both v +— uM and the corresponding
tensor-power map injective. Hence

d
TM® = "(uM) ® (T, M®T)
a=1
is again a minimal mode decomposition, with block support UM. O

The preceding support lemmas reduce the gadget closure to an incidence problem among realized
rays and planes, while full row rank carries these supports without loss of dimension into exact
matchgate block row spaces. We next use pure-spinor geometry to ask when such Gaussian pieces
must lie inside one low-rank matchgate row space. The following hull, decoder, and common-
annihilator lemmas turn the relevant incidence relations into rank-four or rank-eight common-cover
certificates.

Lemma 10.3 (Rank-two Gaussian hull). Let Ri, Ry < CclOB pe row spaces of exact matchgate
matrices. Suppose

dim R; = dim Ry = 2, R1 # Ra, RiN Ry #0.
Then there is a two-input exact matchgate matriz P of rank four such that
R+ Ry C I‘OW(P).

Proof. Let parity refer to the ¢ ordered output wires. Xia’s rank-two canonical form has one nonzero
row-space dimension in each output parity, so

R,=R/&R;, dmR'=dmR; =1.

The intersection is parity invariant. Since two distinct planes with nonzero intersection meet in a
line, choose a nonzero parity-homogeneous u € R; N Ry. In either original matchgate matrix an
actual pinned input row spans that parity component, so u is, up to a nonzero scalar, an exact
matchgate vector.

Apply an invertible output matchgate transformation C' sending u to the vacuum eg. This is
the vector case of Xia’s canonical form [24, Theorem 4.1]. Put R, = R,C and choose a matchgate
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matrix A; with s; input wires and row space R;. After input flips and a global rescaling, an actual
input row is the pivot row eg. In the pivot-Pfaffian chart of Section 4.4, write its s; input and ¢
output Grassmann variables as § and 7. Let Aj, ;, B;, and D; denote, respectively, the input-input,
input—output, and output—output blocks of the skew quadratic parameter matrix. Up to the pivot
scalar, the matchgate matrix has generating function

1 1
exp <25TAin,i§ +&"Bin+ 277TDi77> :

The pivot row is exactly the output vacuum, so its two-output coordinates (the coefficients of n,n,)
vanish and D; = 0. Put

1
(&) = ifTAm,if-

Exterior multiplication by exp(—g;) is an invertible linear operator on the input coefficient space,
with inverse multiplication by exp(g;). Applied coefficientwise in 7, its ordinary coefficient matrix
performs invertible row operations and therefore preserves the row space. Since ¢; and &' B;n are
even exterior elements,

exp(—q;) A exp (g + €T Bin) = exp(£T Bin).

Thus no unproved boundary transformation is being used: the resulting coefficient matrix is
independently an exact matchgate matrix by the principal-Pfaffian chart and has the same row space
as A;. It is the exterior-compound matrix of B;, whose rank is 272K Bi _ Since rank 4; = 2, the cross
matrix has rank one, and therefore

R, = span{egy, a;}

for a nonzero one-particle vector a;. The two a; are independent because R} # R).

Use ay,as as the rows of a 2-by-t cross matrix By. The coefficient matrix Py of exp(£T Byn) is
an exact two-input, t-output matchgate matrix by the Grassmann chart, and its exterior-compound
row space is

row(Py) = span{eg, aj, az,a; A as}

and rank four. It contains R} + R). Composing the ordered outputs with C~! gives the exact
matchgate matrix P = PyC~! and

I'OW(P) D) ( /1+R/2)C_1 = Ri + Ro.
O

We next make explicit the exact-labelled interface between a Gaussian row space and a smaller
common base.

Lemma 10.4 (Full-row-rank matchgate decoder). If P is an r-input, t-output exact matchgate
matriz of rank 2", then there is a t-input, r-output exact matchgate matriz D such that

PD:I2’V‘.

Proof. Xia’s ordered canonical form [24, Theorem 4.1] gives invertible exact input and output
matchgate transformations A, C such that

APC = J,; =: J,

where J is the standard inclusion that copies the r input modes to r active output modes and fixes
the remaining ¢ — r output modes. In the ordered matrix convention fixed above, JJT = I5-, and the
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standard projection JT is exact by Lemma 4.3. Concretely it is the reflected nested-edge realization:
its r output ports inherit precisely the required reversed physical order, the r active wires are paired
by the reflected unit edges, and the other ¢t — r input wires carry the reflected zero-pins. Therefore

D=CJTA
is an exact ordered matchgate composition and
PD=A"1JJTA=I.
O

Lemma 10.5 (Exact-labelled cover compression). Let M be a domain base with t Boolean wires per
block. Suppose P is an exact matchgate matriz of rank 2", with r input wires and the same t ordered
output wires, such that

row(M) C row(P).

Then every valid presentation using M has a presentation of the same domain tensors, with the same
labels, arities, and port orders, using a width-r base.

Proof. Write M = NP, with N having 2" columns, and let D be the decoder in Lemma 10.4. For a
right Boolean preimage H, put b := barity(H) and H' = P®*H. Matchgate closure under ordered
planar composition gives H' € MG,;, and associativity gives, for the same right label,

M®H = N® [
For a left label F, put a := arity(F'). Its old lift is
FM®* = (FN®)P®".
Attach D to every consecutive output block. Exact matchgate closure and PD = Iy give
(FM®a)D®a — FN®“,

so the new left lift is an exact matchgate. Thus N is the required width-r base. This decoder form
of Xia’s cover-compression argument [24, Theorem 5.2] is performed separately for every label. No
label-dependent scalar, arity change, or port permutation occurs. O

Lemma 10.6 (Isotropic-kernel cover). Let K < W @ W™ be an isotropic subspace of dimension t —r,
where 0 < r <t. Then there is an r-input, t-output exact matchgate matriz Pr of rank 2" such that

row(Pg) ={u € A*W : z-u =0 for every z € K}.

Proof. Write R
L :={ueA*W :z -u=0 for every z € K}.

By Witt extension, choose g € O(W & W*) carrying K to
Ko :=span{f/ ..., ff} < W".
Let Uy be a Pin lift, acting on column spinors. The intertwining identity (15) shows that

UyLi = L,.
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Put C := UgT . Both C and C~! = (U, g 1T are exact square matchgate transformations by Lemma 4.3.

If u is written as a coefficient column, then
u'C = (Uyu)',

so, in row coordinates, EKC = EKO.
The Clifford actions of Ky are the standard annihilation operators, and their joint kernel is exactly
A®span(fi,..., fr), of dimension 2". In the fixed ordered coordinates this is row(J; ;). Therefore

PK = Jr,tC_l
is an exact r-input, t-output matchgate matrix of rank 2", and in fact
I‘OW(PK) = ZKOCHl = EK

This also realizes directly the common-annihilator dimension formula used here; compare [15,
Theorem 1(1)]. O

With support monotonicity and the Gaussian hull and compression machinery in place, we return
to the realized support geometry and perform the final separation in Figure 1. A ray-only closure
forces complete factorization; sufficient motion among planes or pure rays produces a rank-four or
rank-eight common cover; and the remaining plane-bearing configuration is a one-plane monomial
flag. In the flag case incidence no longer forces collapse, so we instead derive a uniform all-arity
Boolean-core-times-rays normal form.

Theorem 10.7 (Connection-prime collapse). Let (F,H,M) be a valid qutrit presentation, let
B = MH be its induced right family, and consider the all-left gadget closure of F | B. Assume
rank M = 3, B is support-essential and every port of every domain tensor in F UB is deficient. (The
displayed rank hypothesis is redundant under right support-essentiality, but makes the domain of
Definition 4.5 explicit.) If this closure is connection-prime, then M has a common matchgate cover
of rank at most eight. Hence the presentation collapses exactly and labelwise to width at most three.
If two distinct planes occur in Sa, the cover has rank four and the width is at most two.

Proof. The stated rank condition also follows independently from right essentiality, since all induced
right mode supports lie in col(M) and together span C3. Now Lemma 10.2 identifies every realized
domain support U with the matchgate block support UM. If distinct P,Q € Sy occur, then PM
and QM are distinct rank-two matchgate row spaces in the three-dimensional space row(M ). They
meet in a line. The Gaussian-hull lemma puts their sum, hence row()/), in a rank-four matchgate
row space. This is a common cover, and Lemma 10.5 gives width at most two.

Suppose instead that So = {P}. Connection-primality supplies a realized line L ¢ P, whose
image LM is a pure matchgate ray. Since there is no monomial flag, there is another realized line L’
different from P*, P~ and L; its image is likewise a pure matchgate ray. A realized line inside P can
only be PT or P~, because every exact matchgate vector has one parity. Thus L’ lies outside P.

If t <3, the standard matrix J;; = I+ has row space C{01}" and rank 2¢ < 8. It is a common
cover, so Lemma 10.5 proves the conclusion. Assume henceforth that ¢t > 4.

The space

row(M)=PM + LM

is parity invariant. Let o € {4, —} be the sign for which P M has the same parity as LM, and
write —o for the opposite sign. Choose nonzero generators

u € P°M, v e LM, w € PT7M.
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The first parity component is the plane span(u,v), while the other is the line Cw. The pure ray
L'M must have the first parity, since the opposite component contains only P~°M C PM. The
choice of L' therefore implies

L'M = C(au + bv), a,be C*.

Thus the projective line through the three distinct pure points [u], [v], [au + bv] contains three pure
points. The homogeneous vanishing ideal of the spinor variety is generated by quadrics |16, Section 2.4].
Every restricted defining quadric has three zeros on this projective line and therefore vanishes
identically. The whole line is a pure pencil, so the pure-pencil classification of lines on the spinor
variety [17, Example 4.12] supplies a fixed isotropic (¢t — 2)-space Ky, contained in the annihilator
of every point of the line. The two maximal isotropics Ann(u) and Ann(v) are distinct and belong
to the same spinor component. In one component the codimension of their intersection in either
maximal isotropic is even [16, Section 2.2|. Containment of K, makes that codimension at most
two, while distinctness excludes zero; it is therefore exactly two. Hence

dim(Ann(u) N Ann(v)) =t — 2.

We justify the second annihilator dimension through an explicit Clifford isometry. Put R := PM.
By Witt extension, choose g € O(W & W*) with g Ann(u) = W*, and let U, be a Pin lift. In row
coordinates set C' := U, ;— . The intertwining identity (15) shows that uC' is a nonzero multiple of the
vacuum eg, and Lemma 4.3 shows that C' and C~! are exact matchgate transformations. Hence RC
is a rank-two exact matchgate row space containing the vacuum. The pivot-chart argument in the
proof of Lemma 10.3 applies verbatim and gives

RC = span{eg, a}

for a nonzero one-particle vector a € W. A Pin lift either preserves parity globally or swaps it
globally. Since u and w span the two opposite-parity lines of R, the vector wC spans Ca. Now
Ann(eg) = W*, and

Ann(eg) NAnn(a) = {¢p € W* : ¢(a) = 0},

a hyperplane of dimension ¢ — 1. The same intertwining identity identifies this intersection with
g(Ann(u) N Ann(w)). Since g is an isometry, it follows that

dim(Ann(u) N Ann(w)) =¢ — 1.

Both intersections lie in the t-dimensional maximal isotropic space Ann(u). Their intersection has
dimension at least ¢ — 3 and annihilates every vector in row(M). Choose a (t — 3)-dimensional
subspace

K < Ann(u) N Ann(v) N Ann(w).

It is isotropic because K < Ann(u). Every vector in row (M) is annihilated by K, so Lemma 10.6
with r = 3 gives a rank-eight exact matchgate matrix whose row space contains row(M). This is a
common cover, and Lemma 10.5 gives width at most three [24, Theorem 5.2]. O

The exceptional case has an all-arity normal form. We first decode one rank-two block.

Lemma 10.8 (Rank-two block decoding). Let R < ClO1" pe the row space of a rank-two exact
matchgate matriz, and write

R=R"®R, dim Rt =dim R~ =1,
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where R is even and R~ is odd. There are generators go € R, g1 € R~ and one invertible output
matchgate transformation C, depending only on R, such that

T T
90C = ey, 91C = ejpi-1.

Let m > 0. If an exact mt-wire matchgate tensor G belongs to R®™ and

G= Z h(x)gm QO Gz
ze{0,1}™

then h s an exact m-wire Boolean matchgate signature.

Proof. Xia’s rank-two canonical form [24, Theorem 4.1], in the terminology of Section 4.4, gives an
invertible output matchgate transformation that sends R to the row space of Ji , after fixed output
flips if needed. Thus it sends R to

span{eg:, e]yi-1 }-

The two parity lines map to the displayed coordinate lines. If they are interchanged, compose with a
flip of the active output mode. Rescale the generators to obtain the stated equalities.

If m = 0, the assertion is the convention MGy = C. Assume m > 1.

Apply the same transformation to every consecutive block of G. Matchgate signatures are closed
under this blockwise composition, and the result is

Z h(:v)ellotq ® - ® e;rmotfl-
ze{0,1}™

Pin the t—1 inactive wires of every block to zero, keeping the inherited cyclic order on the active wires.
The remaining signature is exactly h, so matchgate closure under pinning proves h € MGy,. O

Lemma 10.9 (Rank-one stripping and flag normal form). Assume q¢ > 1 and M has row rank three,
and let T € (V*)®1 be nonzero with TM®1 € MGy.

If every mode support of T is a line, then T is completely decomposable. More generally, suppose
a plane P < V* has the property that PM is the row space of a rank-two exact matchgate matrix, let
P*, P~ be its pullback parity endpoints, and suppose a line L ¢ P satisfies

Si(T)e{pP,P*, P L} for every port i.

Choose the generators go, g1 supplied by Lemma 10.8 for R = PM, and choose pg € P and p1 € P~
so that poM = g, for a € {0,1}. Put t(eq) = po for a € {0,1}. If

I'={ielq:5(T) =P},

then there are nonzero q; spanning S;(T) for j ¢ I and an exact Boolean matchgate hy € MGy,
such that, in the original port order,

q ,

Po(4)> jEI,

T= Y hi(0)@Quio), vj<a>:{ A (75)
oe{0,1}! j=1 G JEL

Here hr uses the cyclic order inherited by the ports in I. If I = &, it is a nullary scalar. Necessarily

|I| =0 or |I| > 2; in the latter case every mode of h has rank two. Each q; M, as well as poM,p1 M,
18 an exact pure matchgate vector.
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Proof. 1f S;(T) is a line, minimality of the mode support gives T'= ¢; ® T" after placing port i first
only in the notation. Tensoring by a nonzero vector does not change any other mode support, so the
operation may be repeated at every rank-one port. If every port has rank one, induction on ¢ gives
complete decomposability.

For any stripped factor ¢;, pin all other Boolean wires of the nonzero lift TM®? to a joint
coordinate on which the residual factor is nonzero. The remaining block is a nonzero scalar multiple
of q; M, so q; M is an exact matchgate vector. The vectors pgM,p1 M are the parity endpoints of a
rank-two matchgate row space and are exact matchgate vectors by canonical form.

In the second situation, stripping the ports outside I leaves a core T} € P®HI. For each jélI,
choose a bit string y; with (¢;M)(y;) # 0. Pinning the corresponding Boolean block of TM®1 to y;
leaves a nonzero scalar multiple of T;M®H|. Thus the core lift is an exact matchgate. Expand T}
uniquely in the basis (pg, p1) of P; its coefficient tensor is hp. Applying Lemma 10.8 with R = PM
proves hp € MGy). Finally, injectivity of p — pM shows that a rank-one mode of hy would make
the corresponding mode support of T a line rather than P. Hence every retained mode has rank
two. O

We now prove the trichotomy stated in Section 3.

Proof of Theorem 3.3. The rank assumption is in fact also forced by right essentiality, because every
induced right mode support lies in col(M). By Lemma 10.1, every nonzero boundary support in the
all-left closure has dimension one or two. Since the primitive left family occurs among the one-vertex
gadgets, left essentiality gives
> os=v (76)
SeS1US2
If S; = g, every port of every nonzero boundary tensor has rank one, so Lemma 10.9 gives
alternative (I). Suppose Sy # @. If no monomial flag exists, the closure is connection-prime by
(76), and Theorem 10.7 proves alternative (II). Otherwise a monomial flag (P, L) exists and gives
the support inclusions in alternative (III). Every positive-arity boundary tensor has an exact lift
by planar contraction of the transformed primitive matchgates, so Lemma 10.9 applies with the
same plane, rays, and encoding; a nullary boundary tensor is already a scalar. The alternatives are
mutually exclusive and exhaustive according to whether Sy is empty and, when nonempty, whether
a monomial flag exists.
For the final assertion, take the displayed presentation (F, Hy, M) from Proposition 8.1. Every
exposed edge of an all-left gadget is incident with either a unary pin, whose support is one of
Ceg, Cel, Ces, or a port of Xg1, whose support is

P = span(eg, 7).

Boundary-support monotonicity confines the resulting support to one of those lines or to P. A
realized line inside P maps under M} to a pure matchgate ray inside the parity-split row space P My,
and hence is one of its two parity endpoints Cejj, Ce]. Since Xq; realizes P and 09 realizes L = Ce3,
the displayed presentation lies in alternative (III). Part (v) of Theorem 3.1 makes yuy tend to infinity,
and Propositions 8.2 and 8.3 supply the remaining operational properties. This also proves the final
flag-placement assertion of Theorem 3.1. 0l

The same geometry has a useful binary-context consequence.

Corollary 10.10 (Binary-context alternative). Let (F,H,M) be a valid qutrit presentation, let
B = MH be support-essential, assume rank M = 3, and consider the all-left gadget closure of
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F | B. Suppose one realized rank-two plane P and one realized line L ¢ P span V*. As recorded in
Section 4.7, LM is then a pure matchgate ray. Choose nonzero generators p, € PT, p_ € P~, and
¢ € L; the ordered triple (p4,p—,{) is an adapted ray basis. A binary context means the boundary
tensor of a connected all-left gadget with two ordered boundary ports. Then at least one of the
following holds:

(a) M has a rank-four common matchgate cover;
(b) M has a rank-eight common matchgate cover;

(c) every binary context is partial monomial in the adapted ray basis, meaning that its 3-by-3 domain
matriz has at most one nonzero entry in every row and column.

Consequently, one non-partial-monomial binary context forces width at most three.

Proof. Let A be the domain matrix of a binary context, expressed in the chosen adapted basis. The
stated full row rank also follows from support-essentiality of B, because every induced right mode
support is contained in col(M). Its Boolean lift is an exact matchgate matrix, and this full row
rank preserves the matrix rank of A. Since rank A < 3 while a nonzero exact matchgate matrix has
power-of-two rank, the only possibilities are ranks zero, one, and two. Let o € {+, —} be the sign
for which P° M has the same parity as LM.

If rank A = 1, write A = cay" with ¢ € C* and nonzero coordinate columns z,y € C3. Full row
rank of M makes both M and yM nonzero. Choose 3 € {0,1}! with (yM)(3) # 0 and pin the
second Boolean block of the exact lift to the coordinate 5. The remaining block is the nonzero scalar
multiple ¢(yM)(B) M, and hence C(xM) is a pure matchgate ray. Choosing o with (xM)(a) # 0
and pinning the first block proves the same for C(yM). Thus the local rays Cz and Cy map to
pure matchgate rays. Call a ray noncoordinate when it is not one of Cp4,Cp_, C/. If either local
ray is noncoordinate, parity places it as a third pure point on the same-parity line through P? and
L. The pure-pencil and common-annihilator argument in Theorem 10.7 gives a rank-eight cover.
Otherwise A is a scalar multiple of a matrix unit—a matrix with one nonzero coordinate—and is
partial monomial.

If rank A = 2, its row and column mode supports S;(A), S2(A) are planes that map to rank-two
matchgate row spaces. If either plane differs from P, Lemma 10.3 gives a rank-four cover. Otherwise
both supports equal P. Expanding the lift in the opposite-parity endpoint rays P, P, global
matchgate parity allows only the two diagonal entries or only the two antidiagonal entries. Hence A
is partial monomial. Rank zero is trivial. O

11 Discussion and Future Directions

The main results separate two sources of representation size. Local domain rank and port rank
control the geometry visible on one edge, but they do not control how much labelled information
must be coordinated across many ports. Support mobility eliminates that information by producing
a small common Gaussian cover. A fixed plane-plus-ray flag leaves residual right-side data on which
the minimum exact width can grow. The natural next step is to make this distinction intrinsic to
the language rather than to one displayed presentation.

11.1 From a support trichotomy to a language-level width theory

The central open problem is a pointwise characterization of minimum exact width. The residual
right tables defined from a flag presentation are useful coordinates, but are not themselves invariants:
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another presentation may change the flag, the domain, or the table. One seeks a presentation-
independent invariant that yields a bounded-width realization when small and quantitative lower
bounds, valid for every exact presentation, when large. The labelled star-table obstruction is one
such lower-bound certificate for our family, but not yet a general characterization.

Two boundary cases sharpen the question. Alternative (I) of Theorem 3.3 forces every nonzero
positive-arity all-left boundary tensor to factor, yet the minimum exact width of languages in this
branch is unclassified. Is there a constant C' such that every language admitting an alternative (I)
qutrit presentation has minimum exact width at most C, or is there such a family whose minimum
widths tend to infinity because of right-side data? At the other boundary, Corollary 10.10 shows
that one non-partial-monomial binary context forces width at most three. Is there a function c(a,m)
such that, for qutrit presentations with primitive arity at most a and at most m labels, failure of
ray separability or flag confinement is always witnessed by a planar context with at most c(a, m)
vertices and boundary ports? For rational or explicitly represented algebraic presentations, can the
remaining universal confinement conditions be decided from the primitive signatures?

11.2 Bounded arity and the source of unbounded information

Our family uses a fixed number of labels and stores its growing table in the increasing arity of
By;. Does bounded arity alone force a bound h(g, a) on the minimum exact width of every exactly
matchgate-realizable finite labelled language on a g-element domain whose labels have arity at
most a? If not, does a uniform bound h(g,a,m) hold once the number of labels is also fixed?
A counterexample to this latter statement would require a storage mechanism different from the
growing-arity table used here.

For rational or integer languages, an effective version is equally important. With domain size
q, arity bound a, label bound m, and coefficient bit length B, can one give a useful quantitative
or computable bound h(q,a,m, B)? Merely knowing that a finite maximum exists after all four
parameters are fixed would not explain the representation theory; the goal is a structural and effective
bound.

11.3 Robustness under broader equivalence notions

Exact labelled equivalence preserves the value of every ordered labelled planar instance under the
labelwise correspondence. A first relaxation would allow each label to be replaced by a uniformly
bounded exact planar gadget while retaining a common base. One can then ask whether the
star-table lower bound survives, perhaps after changing its sampling contexts. More general gadget
interreducibility may alter arities and duplicate labels, so a width measure must account for the size
and uniformity of the substitutions as well as the number of base wires.

Polynomial-time interreducibility is a still broader question and requires a specified uniform
input model for growing languages and coefficients. The present theorem makes no claim under
either bounded-gadget equivalence or polynomial-time interreducibility: it is a representation lower
bound, not a complexity lower bound. Establishing which part of the obstruction is invariant under
bounded gadgets would be the most direct next test.

11.4 Explicit and quantitative obstructions

The main obstruction uses a positive-integer table chosen by Zariski avoidance, but the proof supplies
neither a simple formula nor a useful height bound. The transcendental companion has a closed
formula and the same width lower bound, at the cost of leaving the algebraic coefficient setting. A
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natural target is a uniformly generated positive-integer or rational family with per-entry bit length
polynomial in k£ and construction time polynomial in the total output length.
There is also a large quantitative gap. The current construction gives

ok/2

It is unknown whether the dimension obstruction can be strengthened, whether the block-Pfaffian
realization can be compressed, or whether the true width lies at an intermediate scale. Resolving
this gap would distinguish the intrinsic representational cost of the table from the overhead of the
present universal interpolation.

11.5 Beyond qutrits and intrinsic compression

The qutrit case is special because every deficient nonzero mode support is a ray or a plane. Larger
domains admit intermediate-dimensional supports and richer incidence patterns among Gaussian
row spaces. A higher-domain theory would likely organize these supports through Grassmannian or
spinorial incidence data and determine which kinds of mobility force a domain-controlled common
cover. For each fixed domain size, does this incidence geometry admit a finite stratification analogous
to Theorem 3.37 If such stratifications exist, do their types eventually stabilize as the domain grows,
or do genuinely new exceptional strata continue to appear?

From the free-fermionic viewpoint, the same question asks when a common exact Gaussian
tensor representation admits simultaneous mode compression. This is an algebraic reformulation,
not a claim about physical qubit compression, but it may suggest invariants that are invisible in the
original base coordinates.

Thus the trichotomy identifies support mobility as the local mechanism that forces compression,

while the construction shows that a fixed flag can preserve labelled information of arbitrarily large
exact cost. The remaining challenge is to recognize that information intrinsically—from the language
rather than from a chosen presentation.
AT Disclosure: We used OpenAl Codex to assist with developing and checking mathematical
arguments, reviewing the literature, revising the exposition and organization, and preparing the
KTEX manuscript. The tool materially affected Sections 1-11. More details on the affected proof
architecture and technical components can be found in Section 1.3. The authors verified the
correctness and originality of all content, including references.
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