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Abstract

We prove a complexity dichotomy for Boolean Holant problems defined by arbitrary finite
sets of algebraic complex-valued signatures. The tractable cases are characterized by an explicit,
decidable criterion.
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1 Introduction

A Holant problem asks for the value of a graph tensor-network partition function: each vertex
is assigned a local function, called a signature, of its incident Boolean edge variables. One sums
the product of these functions over all edge assignments. The framework includes weighted
graph homomorphisms, counting CSPs, Fulerian orientations, and vertex models. A holographic
transformation is an invertible simultaneous change of basis on the local tensors and wires [Val08,
CLXO09].

We prove a dichotomy for finite algebraic complex-valued Boolean Holant problems on general
graphs. Our proof treats unrestricted all-even signature sets, in which every positive-arity signature
has even arity and no auxiliary binary signature is prescribed, and combines this analysis with known
dichotomies. We first review the graph-homomorphism, counting-CSP, and Holant classifications
that precede this result.

1.1 From counting CSP to the full Holant dichotomy

Weighted graph homomorphisms (#GH) and counting constraint satisfaction problems (#CSP)
provide earlier examples of counting dichotomies on general graphs. Their classifications developed
in three directions: from Boolean to arbitrary finite domains, from symmetric to arbitrary local
functions, and from Boolean-valued through nonnegative, signed-real, and complex weights. Cai
and Chen’s general-domain complex classification covers both problems [CC17]. Table 1 records
these classifications. A dash indicates that no separate reference is listed for that case; the case is
covered by a more general entry in the table.

Table 1: Development of general-graph dichotomies for weighted graph homomorphisms and counting CSP.

Weight range Symmetric #GH #GH Boolean-domain General-domain
#CSP #CSPp

{0,1} [DGOO] [DGPO07] [CH96] [Bul13, DR13]

Qs - - - [BDG*12)

R>o [BGO5] [CC19] [DGJ09] [CCL16]

R [GGJT10] - [BDG109] -

C [CCL13] CC17] [CLX14] classification [CC17];

decidability [LM26b]

The last cell distinguishes classification from uniform recognition. Cai and Chen’s 2017 theorem
classified every fixed algebraic-complex language, but its tractability side was expressed by three
conditions over an unbounded generated family of partial sums. In 2026, Liu and Meng gave a
total exact algorithm deciding those conditions from the finite input language, proved that Block
Orthogonality alone implies the other two, and also decided the corresponding degree-multiple
counting-CSP criterion [LM26b]. This makes the tractability criterion decidable from a finite,
exactly encoded algebraic complex-valued language on any finite domain.

For Holant on larger domains, classifications are available under further restrictions on the
signatures. A domain-three theorem treated one symmetric ternary signature with all unary
signatures available [CLX13]; its journal version appeared in 2026 [CLX26]. Subsequent classifications



covered special edge-colouring signatures and restricted domain-three and domain-four settings
[CGW16b, LFC25]. In 2025, Cai and Thm proved a dichotomy for real-valued symmetric signatures
on domain three with all unary signatures available, allowing an arbitrary finite signature set [CI25].
On the Boolean domain, the Holant framework was introduced in 2009 [CLX09]. Classifications
first treated symmetric signatures or assumed access to specified unary signatures. The latter as-
sumptions were reduced from all unary signatures (Holant*), to four distinguished unaries (Holant™),
to the two unary functions fixing a bit to zero or one (Holant®). Later work treated signature sets
containing any nonzero odd-arity signature (HolantOdd). The symmetric and arbitrary-signature
classifications are separated in Table 2; the dash convention is the same as in Table 1.

Table 2: Development of Boolean-domain Holant dichotomies on general graphs.

(a) Symmetric signature sets

Weight range Holant* Holant® Unrestricted Holant
R - [CLX09] [HL16]
C [CLX09] [CHL12] [CGW16a]

(b) Arbitrary signature sets

Weight range Holant™ Holant™ Holant® Holant°dd Unrestricted Holant

Rxo - - - - [LW18]

R - - [CLX18] [CFS20Db] [SC20]

C [CLX11] [Bacl7] [Bac21, Bac25] [MWXZ25, GSS26]  This paper; with
binary disequality:
[LM26a]

Classifications without auxiliary unary signatures were obtained for symmetric complex-valued
signatures [CGW16a], arbitrary nonnegative signatures [LW18], and arbitrary real-valued signatures
[SC20]. These results address restrictions on symmetry or weights that are absent from the
present theorem. Other dichotomies treat a single ternary signature on 3-regular graphs, the six-
vertex and eight-vertex models, and weighted Eulerian orientations with arrow-reversal symmetry
[YHF24, CFX18, CF23, CFS20a].

In 2025, Meng, Wang, and Xia proved an FPNP versus #P-hard dichotomy for weighted Eulerian
orientations [MWX25]. Meng, Wang, Xia, and Zheng combined this result with tensor decomposition
to obtain the same classification for complex Boolean Holant with a nonzero odd-arity signature
[MWXZ25]. In 2026, Guan, Shao, and Shi gave a polynomial-time algorithm based on linear
programming for the former FPNP cases, yielding FP versus #P-hard dichotomies for both problems
[GSS26].

In 2026, Liu and Meng classified complex Boolean Holant with binary disequality X (a,b) =
1[a # b] available. Their theorem allows an arbitrary finite algebraic complex-valued signature set
and gives an explicit decidable tractability criterion [LM26a]. Their theorem has an equivalent
formulation for K-Holant with binary equality I(a,b) = 1[a = b] available, obtained by replacing
equality and disequality wires [LM26a, Theorem 1.2]. We use this formulation below; K-Holant is
defined in Section 2.7.

Xia also proposed a framework that uses finite groups associated with binary signatures to
organize Boolean tensor-network classifications. It analyzes several branches under the assumption
that all realizable nonzero quaternary signatures decompose [Xia26].

Our proof handles the unrestricted all-even case by combining Liu and Meng’s binary-equality
dichotomy and their dichotomy for tensor-prime even-parity quaternary signatures with both
endpoint values nonzero [LM26a] with a height decomposition based on Hamming imbalance.



Together with the odd-arity dichotomy, this gives the full classification in the unrestricted complex
cell of Table 2.

Independent work. We have been informed of at least the following related work, which was
carried out independently of the present paper and brought to our attention before its public release.
Yuan Huang informed us of work on complex-valued Holant problems on 4-regular graphs, for which
a manuscript is being prepared for posting on arXiv. Jiayi Zheng informed us of unpublished work
on the complex-valued Holant dichotomy in the case where the realizable binary signatures form an
odd dihedral group. Mingji Xia informed us of work concerning the twisted Klein-group case and
the C] case, under the condition that all quaternary signatures are decomposable. The results and
proofs in the present paper were developed independently of these works.

1.2 Our result: the full dichotomy

The predicate Tract(F), defined in Section 2.13, is an equivalent formulation of the seven conditions
in the odd-arity dichotomy of Meng, Wang, Xia, and Zheng [MWXZ25, Theorem 30]. Our result
applies this criterion without an odd-arity assumption. Each condition concerns the signature set
as a whole. In each holographic alternative, one basis must work simultaneously for the edge and
every member of F.

Theorem 1.1 (Full dichotomy theorem). Let F be a finite set of algebraic complex-valued Boolean
signatures, given in the exact algebraic representation fized in Section 2.2. The predicate Tract(F)
s decidable, and the following complexity classification holds:

Tract(F) == Holant(F) € FP,
—Tract(F) = Holant(F) is #P-hard

under polynomial-time Turing reductions.

The theorem allows arbitrary mixed arities, zero and tensor-decomposable signatures, and
singular binary factors. Recognition is effective for the fixed exact algebraic encoding, while
evaluation and all oracle reductions are polynomial in the input-instance size.

1.3 Proof organization

In the standard K-basis, ordinary equality edges become disequality X-edges. Each such edge
contributes one zero and one one, so the half-charge—half the difference between the numbers of
ones and zeros—is conserved. Cases supported only on one side of the central layer, or on a single
layer, reduce to the known weighted Eulerian-orientation classification. Before constructing the
height parameter, Section 3 proves the binary, unary, EO, and equality reductions used in the later
cases. In the remaining two-sided, multilayer case, Section 4 shows that tensor-factor extraction
and the charge argument either reach an already classified branch or produce a mountain. If d is
the ged of the nonzero half-charges supported by the current signature set, this is an arity-2d tensor
with nonzero all-zero and all-one coefficients and all remaining support on the central weight-d layer.
This height d indexes the rest of the proof.

The first two heights are treated separately. At height one the mountain is binary. The
singular and infinite-order subcases fall into classifications already available. In the remaining
finite-order subcase, the symmetry split either exposes a nonsingular weighted equality, which can
be normalized to I before applying the binary-equality dichotomy [LM26a, Theorem 1.2], stated



here as Theorem 2.23, or reduces to an odd cyclic or odd dihedral form. Those two forms are
resolved within the same height-one analysis, giving Theorem 5.1.

At height two the mountain is an eight-vertex signature whose two endpoint values are nonzero.
If it does not factor nontrivially, Theorem 2.24 applies; if it does factor, one obtains a nonsin-
gular weighted equality and returns to the binary-equality case. Together the two branches give
Corollary 2.25.

Height three is settled by the loop and two-copy contractions in Theorem 7.1. For all heights
at least four, Theorem 8.1 uses one relative port normalization and a global phase recovery. At
heights at least five, the resulting matching-product structure gives a hard two-copy output directly.
Height four is the exceptional eight-port case: a classification of the possible matchings leads to
the Reed—Muller core and a Turing reduction adjoining binary equality. A final normalization
argument transports each common tractable representation or hardness reduction back to the
original coordinates.

The appendix records the exact finite certificates and their direct-use consequences for the
odd-dihedral and high-charge arguments.

1.4 Related work

Beyond dichotomies for exact counting on general graphs, related work studies restricted graph
classes, stronger lower bounds under #ETH, and algebraic criteria for equality of Holant values.

Restricting the input graph to be planar can make additional counting problems tractable. For
Boolean counting CSP, Cai, Lu, and Xia classified real-valued symmetric constraints [CLX17]. Guo
and Williams extended the classification to symmetric constraints with complex weights [GW20],
and Cai and Fu removed the symmetry assumption [CF22]. In this planar model, the incidence graph
is embedded in the plane and the argument order follows the cyclic order around each constraint
vertex. Every case that is hard on general graphs but tractable in this planar setting admits a
holographic reduction to matchgates. These reductions evaluate the partition function through
weighted perfect-matching sums computed by the FKT algorithm.

Graph homomorphism problems are a subclass of counting CSP, so these Boolean-domain results
also classify planar graph homomorphisms with complex symmetric weight matrices. For larger
domains, Cai and Maran proved a dichotomy for real symmetric 3 x 3 matrices in 2023 [CM23].
Their 2024 preprint classified nonnegative real symmetric 4 x 4 matrices of full rank [CM24]. In
a 2026 preprint, Cai, Maran, and Young obtained a dichotomy for nonnegative real symmetric
matrices of arbitrary finite size whose diagonal entries are pairwise distinct [CMY26].

For planar Holant with symmetric complex-valued Boolean signatures, Cai, Fu, Guo, and
Williams gave a classification that includes tractable cases beyond holographic reductions to the
FKT algorithm [CFGW22]. In 2026, Cai, Fan, Shao, and Tang classified the eight-vertex model
into three cases: tractable on general graphs, hard on general graphs but tractable on planar graphs,
and hard even on planar graphs [CFST26].

Beyond planar graphs, classifications are also known for other graph restrictions. Thilikos and
Wiederrecht characterized the minor-closed graph classes on which perfect matchings can be counted
in polynomial time [TW24]. A class is minor-closed if it is closed under vertex deletion, edge deletion,
and edge contraction. Meng and Pan’s ESA 2026 paper gives dichotomies for complex-weighted
Boolean counting CSP when the incidence graph excludes a fixed clique as a minor, including
each fixed variable-occurrence bound D > 3 [MP26]. The incidence graph records variables and
constraints as its two types of vertices. Their classifications show how the tractable cases depend on
the excluded clique and the occurrence bound.

Another direction strengthens the running-time lower bounds within the hard cases. Under the



counting exponential-time hypothesis (#ETH), which rules out counting satisfying assignments of
3-CNF formulas in time subexponential in the number of variables, Brand, Dell, and Roth proved
dichotomies for the Tutte polynomial and unweighted Boolean counting CSP [BDR19]. Liu extended
the Boolean counting-CSP classification to algebraic complex weights, including bounded-occurrence
versions [Liu24].

For bipartite Holant, Cai and Young proved that two pairs of finite signature sets give equal
values on all corresponding labelled graphs if and only if their orbit closures under holographic
transformations intersect [CY26].

2 Preliminaries and the Tractable Boundary

2.1 Algebraic notation

We use standard algebraic notation. All rings are commutative with identity. The fields Q,R,C
denote the rationals, reals, and complex numbers, and F* = F'\ {0} for a field F. We also use
F3 = Z/37Z. For a finite set V, FV denotes the functions V' — F. We write [m] = {1,...,m}, with
[0] = @, and Mat, «x,(F') for matrices over F, abbreviated to Mat,,(F') when m = n. Transposes
are denoted by M T; they do not include complex conjugation. The group of invertible matrices is
GL,(F), and I,, is its identity.

2.2 Complexity and exact-input conventions

A counting problem is a function from finite encoded instances to exact numbers. The class FP
consists of functions computable exactly by a deterministic algorithm in time polynomial in the
input length. The class #P consists of the functions that count accepting computation paths of a
nondeterministic polynomial-time Turing machine. A (possibly complex-valued) counting problem
is #P-hard if every function in #P has a polynomial-time Turing reduction to it. We use tractable
to mean “in FP” and hard to mean “#P-hard” under this convention.

An oracle algorithm for a problem B may request exact values of B on instances that it
constructs. For counting problems A, B, A <t B means that such an algorithm computes A, makes
only polynomially many calls to B, constructs instances of polynomial size, and otherwise uses
polynomial time. We write A =1 B when both directions hold. Known nonzero algebraic rescalings
and exact algebraic postprocessing are allowed. The notation FPNP permits an NP decision oracle.
Recognition of a finite exact signature list is required to halt with the correct answer; it is not
asserted to run in polynomial time in that list. In every tractable alternative, any shared basis, sign
or class must work simultaneously for the entire signature set. Throughout,

Q:={a e C:p(a) =0 for some 0 # p € Q[t]} and Fy:=7/27Z

are respectively the algebraic complex numbers and the two-element field. We fix an exact algebraic
encoding of o € Q by its monic irreducible polynomial over Q and a rectangle in C whose vertices
have rational real and imaginary parts, containing « and no other complex root of that polynomial;
the rectangle is called isolating. A number field is a finite extension L/Q, and [L : Q] is its dimension
as a Q-vector space. Equality, zero tests, conjugation, and field arithmetic are exact. The signature
set is fixed when a Holant problem is evaluated; running time is measured in the encoded instance
size.

For later comparison, a weighted Boolean counting constraint satisfaction problem (counting
CSP) has Boolean variables, local constraint functions, and partition function equal to the sum,



over all variable assignments, of the product of all constraint values. The notation #CSP? used
below imposes the additional degree-multiple condition specified in Section 2.6.

2.3 Tensor and group conventions

For a nonzero vector, tensor or matrix v over F, write [v] = F*v for its projective class. In particular,
PGL,,(F) = GL,,(F)/(F*I,). A projective line consists of the classes in a two-dimensional linear
span. We use the standard terms Segre variety for the projective classes of nonzero simple tensors,
ruling for a linear family with all but one tensor factor fixed, and secant for a line through two
distinct points. A pencil is a family ¢, = A — sB; its parameter range is specified at each use.

Tensor products use the convention V®° = I, with empty product 1. A nonzero tensor has rank
one when it is a product of one vector on each of its specified factors. For two factors this is matrix
rank one. We say a divides f, with cofactor b, when f = a ® b up to port permutation and nonzero
scalar redistribution. Every tensor is taken to divide the zero tensor. A proper tensor factor has
positive arity strictly smaller than its parent.

The notation span S denotes linear span. An affine subspace is a translate a + L of a linear
subspace; its direction is L, and an affine plane has dimension two. For nonempty S, aff(S) =
a+span{z —a:x € S}, where a € S. For z,y € FY | the dot product x -y = > vev Toly is taken in
F5. The notation T, deletes coordinates p, g and keeps the inherited order.

We use H < G for a subgroup, H < G for a normal subgroup, and [G : H] for its index. An
involution has order two. Our finite-group notation is

Cm, Doy, = (r,s | ™ = $2=1, srs= 7"71), Vi =Co x Oy,

where C,, is cyclic of order m and Da,, has order 2m. The symmetric and alternating groups are
Sm and A,,. For S C G, the centralizer is C(S) = {g € G : gs = sg for every s € S}, and the
center is Z(G) = Cq(G). If ¢ is a primitive m-th root of unity, then [Q(() : Q] = ¢(m), where ¢ is
Euler’s totient.

Angle brackets denote generated subgroup in a group context, linear span in a vector-space
context, and the tensor closure (%) for a signature class, as defined in Section 2.6. The Frobenius
pairing is defined in Section 2.8.

2.4 Graphs, matchings, and Walsh coordinates

Graphs may have parallel edges and loops; each loop contributes two to deg(v). A perfect matching
of a finite set V is a partition into pairs. The mate of a vertex is the other endpoint of its matching
edge. An incidence graph joins two families according to the stated incidence relation, and an
alternating path alternates two specified edge types. We write K, for the complete graph and (‘2)
for the k-element subsets of V.

A binary linear code is a subspace of F¥, and an affine code is a translate of one. An information
set consists of coordinates on which restriction is a bijection onto the corresponding binary coordinate
space. For a represented binary matroid, independence means linear independence of the representing
vectors; its basis-exchange graph joins bases differing by one exchanged element.

For z € FY | put wt(z) = [{v : 2, = 1}|. A Hamming layer fixes wt(x); parity means wt(z) mod 2.
The operations & and € denote coordinatewise addition in Fo, while Z is the bitwise complement.
A portwise bit flip by b € FY sends f to f®*(x) = f(x @ b). Bit-flip/port-permutation orbits use
these flips and permutations of argument positions. Binary words are ordered lexicographically with
0<1.



For an integer r > 0 and f : F}, — Q, viewed as the lexicographically ordered column array
(f(2))zery, its support is supp(f) = {z : f(z) # 0}. We fix the unnormalized Walsh matrix and the
normalized Walsh coordinates

11 ~ e
P=<1 _1>, J=@Ehey. (1)

Thus inversion is f = P®"f. In coordinates,

fl@) = (=)™ f(y).

yeF,

Consequently, if f has even-parity support then f () = f(x), and if it has odd-parity support then
f(z) = —f(x). An overline on a complex scalar means complex conjugation. At ambient arity r,
we write leven and 1,qq for the indicator tensors of even and odd parity; the arity is inferred from
context. References below to Fourier inversion mean precisely this inverse Walsh formula.
Given a finite set V, a perfect matching M of V, and € € F}!, the corresponding matching code
is
C(M,e)={x €FY : 2, Dz, = €{u,p} for every {u,v} € M}.

After choosing an orientation of every edge of M, write M for the resulting set of ordered pairs. A
nonzero matching product on V is a function f : Fy — Q of the form

f(x) =A H buv(xuagcv)’ )‘E@X’ buw :F% _>@
(uw)eM

For the all-one choice of ¢, the set C(M,¢) is
{z €FY : xy +x, = 1 for every {u,v} € M},

where this sum is over the integers. It has one independent binary choice per matching edge. Any
coefficient function on these choices is only a coordinate representation; support of this form does
not by itself imply a matching-product factorization.

2.5 Gadgets and allowed operations

A gadget is a finite tensor network over the allowed signatures, with labelled external ports. Its
output is the tensor obtained by summing over all internal indices. The native edge is equality in
ordinary coordinates and disequality in K-coordinates. A direct construction uses one fixed finite
gadget. Connecting a binary signature at a port, joining two copies, and contracting two ports are
specified by their wiring or matrix formulas when used.

A slice fixes some arguments of a tensor. Such a restriction, a linear combination or a Walsh-
coordinate calculation does not alone give a gadget. Pinning requires an available point-mass unary.
Interpolation instead gives an oracle reduction by solving a linear system from exact evaluations.
The convention for adjoining signatures under these reductions is stated in Section 2.8; it does not
identify general Turing reductions with direct gadgets.

A signature set is preprocessed after removing zero and nullary signatures as in Section 2.9.
Tensor-factor extraction and global changes of basis are used only under the hypotheses of the
results stated below.



2.6 Signatures, tensors, and Holant instances

Recall that Q is the field of algebraic complex numbers and F5 is the binary field. For an integer
r > 0, an arity-r Boolean signature is a function f : {0,1}" — Q, identified with its lexicographically
ordered column tensor in (@2)@“. Its ports are its labelled argument positions, and their order is
part of the data. We write arity(f) = r and supp(f) = {z : f(z) # 0}, and use 1[P] for the indicator
of a proposition P. A signature set is all-even when each positive-arity member has even arity. The
terms nullary, unary, binary, ternary, quaternary, six-ary, and eight-ary mean arity 0, 1,2, 3,4,6, 8,
respectively; an r-port tensor has arity r. For an ordered binary signature B, we identify B with the
matrix (B(a,b))qper,, with port 1 indexing rows and port 2 indexing columns. All binary-vector
arithmetic is over Fy, with @ used when bitwise addition should be explicit. The symbols 0" and 1"
denote the all-zero and all-one words, respectively; at » = 0, both denote the unique empty word.
More generally, 0V, 1" € FY are the constant words on a finite index set V. The values f(0") and
f(17) are the two endpoint coefficients. For x € FY and A C V, z 3 denotes the restriction of = to
V'\ A, in the inherited order when V is ordered. For scalars a, b, we use

diag(a,b) = (g 2) .

For an integer r > 0, let S, denote the symmetric group on [r]. For an arity-r signature f
and 7 € Sy, (1f)(x) = f(z;—1(1),---,T;-1(y). For signatures f : Fj — Qand g : F§ — Q on
disjoint ordered ports, and x € Fh,y € F5, define (f ® g)(z,y) = f(x)g(y). The signature f is
symmetric when 7f = f for every 7 € S,, equivalently when f(z) depends only on wt(x). For
T C [r], 17 € {0,1}" denotes the incidence vector of T'; in particular 15 = 0". We write e; = 17
for the j-th standard basis vector whenever the ambient arity is clear. A nonzero positive-arity
signature is tensor-prime if, up to port permutation and nonzero scalar, it cannot be written as a ® b
with both a and b of positive arity. A nonzero positive-arity signature that is not tensor-prime is
tensor-decomposable. Prime factorization is unique up to these operations and factor order [CFS20a,
full version, Lemma 2.13]. For any class & of signatures, its tensor closure (%) consists of tensor
products of members of ¥, up to port permutation and nonzero scalar. By convention, it also
contains zero and the arity-zero empty product.

For an integer » > 0 and a € {0,1}", define the point-mass signature &, : {0,1}" — Q at a by

For an integer » > 1 and a € {0,1}", a weighted generalized equality is a signature
c0dq + €10z, co.c1 €Q7,

where a is the bitwise complement. It is pure when a = 0”. Portwise bit flips make it pure, but are
used only when actually available or inside a stated global transform. We abbreviate generalized
equality by GE. For p,q € Q, in arity two, pdoo + gd11 = diag(p, q) is a weighted binary equality,
and pdo1 + qd1o is a weighted binary disequality; either is nonsingular when pg # 0.

For a signature set F, a signature grid over F is a finite multigraph G = (V| E), with loops
allowed, together with a signature f, € F satisfying arity(f,) = degs(v) and an ordering, of that
length, of the incident edge-ends at every vertex. An edge assignment o : E — {0,1} therefore
induces an ordered word x{ at v. For the resulting grid €2,

Holantq = Z H fo(zd).

0:E—{0,1} veV

10



The problem Holant(F) asks for this value on an input grid over F. Throughout, comma-separated
signature or signature-set arguments mean adjoining their union; for example, Holant(F,a,b)
abbreviates Holant(F U {a, b}).

We use the unary pinnings

A0 = [170]1-’ Al = [07 1]Ta

and the binary equality and disequality tensors

10 0 1
I:IQ:EQ2:<0 1), X:NEQ2:<1 0).

We also fix the sign and skew matrices

More generally, for r > 1, let
EQ,(z1,...,z,) = 1[z1 = -+ = x,].

For signature sets & and F, the bipartite problem Holant(& | F) is defined on a bipartite graph
H = (U,V, E): vertices in the left part U are assigned signatures from &, and vertices in the right
part V are assigned signatures from F. Subdividing every ordinary edge by an EQq-vertex gives

Holant(F) = Holant(EQ, | F).

For an integer g > 1, the counting-CSP problem #CSP?(F) restricts every variable degree to
be divisible by ¢; equivalently, its variable side uses EQy,, k > 1. We use the convention that the
variable list contains only variables that occur in at least one constraint. If an input encoding
explicitly lists z isolated Boolean variables, they may first be deleted and the final partition value
multiplied by 2*. The notation #CSP?(F,H) means #CSPY(F U H).

2.7 Holographic transformations and the K-basis

We use the polynomial-time Turing-reduction and exact-postprocessing conventions of Section 2.2.
For tensors or matrices A and B, write

A=B

when

A=)\B for some \ € @X.

In every gadget or reduction identity, this scalar is known, tracked, and restored by exact algebraic
postprocessing.
For M € GL3(Q) and an arity-r right-side signature f, write

Mf=M®f  MF={Mf:feF)

For an arity-r left-side signature g, juxtaposition denotes the dual action gM = (MT)®"g. In
particular, (EQ,)M has matrix M T M, and the holographic identity is

Holant(EQ, | F) = Holant((EQy)M | M~*F),  (EQy)M = MTM.

11



This exact identity makes the transformed edge a genuine weighted binary, not a componentwise
scalar.

Write Zx () for the partition function of a grid whose internal edges carry X. The general
orthogonal similitude group of X is

GO(X)={D € GLy(Q) : DTXD = AX for some A € Q"}

for legal global transformations preserving the native disequality edge X projectively. If E(Q) is the
internal edge set, DS applies D at every vertex, and DT XD = AX, then

Zx(DQ) = NFOIZy (). (2)

Thus the two problems differ only by the known edge-count scalar. The matrix acts globally and is
not thereby a local gadget. For m > 1, let

pm ={z€Q: 2™ =1}

We use the projective linear group PGL2(Q) defined in Section 2.3. Thus, for a nonsingular 2-by-2
matrix 7', the general projective notation [T'] from Section 2.3 identifies matrices differing by a
nonzero algebraic scalar. The projective order of [T is the least m > 1 for which 7™ = AI for some
A€ @X, and is infinite if no such m exists.

Proposition 2.1 (Finite projective binary groups). Every finite subgroup of PGL2(C) is conjugate
to exactly one of the following types:

Cma D2m7 A47 S47 A57
where m > 1 for Cy,, m > 2 for Doy, |Cpo| = m, |Dap| = 2m, and |Ay4] = 12, |Sy| = 24, |As| = 60.
Proof. This is [LM26a, Proposition 2.1]. O

Lemma 2.2 (Finite projective-group facts). The following properties will be used below.

1. In
Doy = (r,s |1 =35> =1, srs =1 1),

the rotations (r) = Cy, form a normal indez-two subgroup, and every element outside it is a
reflection and an involution. If m is odd, the rotation group is the unique index-two subgroup.
If m is even, the only nonidentity rotational involution is the central element r™/2.

2. The group A4 has no index-two subgroup, and the centralizer of an involution is Vy.

3. The unique index-two subgroup of Sy is Ay. FEvery involution is a transposition or a double
transposition; precisely the double transpositions belong to Aj.

4. The group As is simple and has no index-two subgroup. The centralizer of each involution is Vy.

5. The projective centralizer of the distinguished involution is

Crrao)(12]) = ﬂ(g 2)] La.beC, ab#O}U{KS 8)] La.beC, ab;«éo}.

Thus [Z] is the only nonidentity diagonal involution, while every nonsingular anti-diagonal class
s an involution.

12



Proof. This is [LM26a, Lemma 2.2]. O

The conjugacy classification above is group-theoretic only. Its conjugating matrix need not lie in
GO(X), so it does not by itself define a legal global K-Holant normalization or provide an actual
binary gadget. Later applications retain the distinguished classes [X] and [Z].

Fix the K-coordinate matrix

1 (1 1 11
K_\/§<i —i>’ Kl_\@(l z) )

Since KTK = X, putting F=K'F gives
Holant(F) =7 Holant(X | F) =: K-Holant(F). (4)

For an original-coordinate signature f, or an original-coordinate signature set F, a hat records
passage to K-coordinates:
f=K'f  F=K'F

Once we work with a signature set already in K-coordinates, we suppress these hats and denote its
member signatures simply by f. Unless stated otherwise, signatures and signature sets appearing in
a K-Holant problem are understood to be in K-coordinates, with native edge X. For a signature f
already in K-coordinates, a tilde denotes the Walsh coordinates fixed in Equation (1); using them
in a calculation does not implement a global transformation. For s € Q, the identities

1 _
P‘llQ sz hiﬂpzdiagu,s), PTXP=2Z

explain its use in the odd cyclic and dihedral calculations.

2.8 Gadgets, interpolation, and factor reductions

Equivalence convention. Throughout a proof, H(G) denotes the relevant Holant or K-Holant
problem, and G denotes the current finite signature set up to polynomial-time Turing equivalence.
Whenever a fixed gadget construction, polynomial interpolation, or a cited reduction supplies a
finite set S such that

H(G U S) <1 H(G), (5)

the reverse reduction is immediate by restriction. We therefore replace G by GU S, keep the notation
G, and thereafter write g € G for g € S, without recording its construction history. Every such
enlargement is finite. Signatures that differ by a known nonzero scalar are identified, with the scalar
restored in the final value. Formal slices, linear combinations, Walsh-coordinate identities, and
local changes of basis do not add signatures unless one of the stated reductions supplies them. A
whole-set GO(X )-normalization is instead a holographic equivalence and is governed by Lemma 2.22.
This is the problem-level form of the gadget and interpolation rules used by Liu and Meng [LM26a,
Section 2.5] and by [MWXZ25, Section 2.3]; the factor instance is supplied by Theorem 2.14.
A direct gadget over G is a finite X-edge network of G-vertices with ordered external ports. If it
realizes h, then
K-Holant(G U {h}) <7 K-Holant(G). (6)

A fixed gadget has constant size. A gadget realizing ph, for p € Q”, implements the same Turing
reduction after an instance with N occurrences is rescaled by p~. Thus a direct gadget is one

13



instance of the equivalence convention above. In arguments using local topology or port order, we
specify a direct gadget rather than relying only on membership obtained by a Turing reduction.

Let f have arity r. For an ordered pair of distinct ports p = (i, j), a binary kernel C : F3 — Q,
and a residual word z indexed by [r] \ {i,j} in increasing port order, let z*<®J<? be the arity-r
word obtained by inserting a, b at ports 4, j. Define the two-port contraction by

8Cf Z C CL b zea,j%b).

a,beFy

We also write fjb(z) = f(2"%7<?) for the residual slice. If an ordered binary B is placed on the
ordered port pair e = (u,v), we write B.. The notation B, | f means tensor divisibility on this
pair in the sense of Section 2.3. In the notation of Shao—Cai [SC20, full version, Section 2.4], their

8@] f and 0;; f are, respectively, our 6 f and 8 f Port order fixes the ordered pair (i, j). For
U,V € Mat2(Q), the Frobenius palrlng is blhnear.

(U, V)kob =tr(UTV) = Y Ula,b)V(a,b),
a,beFy

without conjugation. Two matrices are orthogonal for this pairing when their Frobenius pairing is
zero. Suppose a directly realized subnetwork with ordered boundary tensor B closes ports p. Its
two attachment X-edges complement both boundary bits, so

Z X(a,u)B(u,v)X(v,b) = (XBX)(a,b) = B(1 —a,1 —b).

u,vEFg

Exchanging the two ordered boundary inputs replaces B by BT, and the same attachment therefore
gives X BT X. Likewise, two inward-ordered binary chains L and R joined by one native X-edge have
external tensor LX RT. These formulas explain where transposes arise in direct gadget constructions
and fix the ordered-port convention used below. Every contraction so constructed is directly realized;
a contraction with arbitrary C', or a linear combination of contractions, is only a tensor calculation
unless a separate reduction makes it available.

For any ordered binary signature B, its transfer is

Tp = BX.
Series composition through one native edge multiplies transfers. Reversing the two ports induces
T# = XTTX.

Thus (ST)# = T#S# and (T#)# = T. For nonsingular B, the projective order of its transfer is
the order of [BX]. Global normalizations act on the whole problem, not by adjoining individual
signatures; after applying Lemma 2.22, the transformed finite set is again denoted by the same
letter.

Let G < PGL2(Q) be finite, and suppose each class has a directly realized ordered-binary
representative. Choose one nonsingular ordered binary B, for each class g, normalized by R, = ByX,
[Ry] = g, and Ry = I, where 1 = [I]. The matrix of every representative of class g is pB, for a unique
nonzero scalar p. Since G is finite, the equivalence convention lets us adjoin these representatives
once and write By € G. Displayed projective identities are read up to their known nonzero scalars;
a scalar is shown explicitly whenever its zero/nonzero status or a coefficient ratio is used.

Interpolation is used only through a stated polynomial-time oracle reduction; linear combinations
are not gadgets. The tensor-factor extraction result is Theorem 2.14, with its common-one-sided
exception kept explicit.
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2.9 Zero and nullary preprocessing

An arity-zero (or nullary) signature is a scalar. Let F° be obtained from F by deleting all identically
zero and nullary signatures. An instance containing a zero-signature vertex has value zero. Otherwise,
deleting its nullary vertices gives 2°, and

Holantg = H cme() Holantgeo,
ceF
arity(¢)=0
where m.(€2) is the multiplicity of ¢ and the empty residual instance has value 1. Thus all structural
arguments assume, without further mention, that signatures are nonzero and have positive arity;
the evaluation algorithm restores the known nullary factors exactly.
All algebraic arithmetic and recognition use the exact-input conventions of Section 2.2.

2.10 Charge and Hamming layers

All charge terminology in this subsection is in K-coordinates. Recall the Hamming weight wt(x) =
{j € [r] : z; = 1}| from Section 2.4. For an integer r > 0, define the doubled-charge function
gr : F5 — Z by

qr(x) =2wt(z) —r.

For an even integer r, we also use the integer half-charge

qr(x r

Xr(z) = T; ) = wt(x) — 5

In the all-even analysis, ged, divisibility, height, and interval statements use x,; doubled charge
explicitly means g,. Put

HW? = {¢ € Fy: q,(x) = 0}, HWS = {a €F}:q,(x) <0}, HW. ={z €Fy: q.(a) = 0},
and define HW,”, HW,S by strict inequalities. The unsubscripted symbols use the ambient arity:
HW?Z, HWS, HW~=, HW?”, HW<,

A signature has one of these properties when its support lies in the corresponding set. A signature
is single-layer when its support lies in one Hamming layer; a signature set is single-layer when each
member is so supported, with member-dependent layers allowed, and is multilayer otherwise. A
signature set is common one-sided when all members are HW = or all are HWS; otherwise it is
two-sided, equivalently both charge signs occur among support words of its members. Here EO
abbreviates Eulerian orientation. An arity-2d FO signature is supported in HWy; this central
support condition is the local balance constraint for an Eulerian orientation.

Definition 2.3 (Mountain). For an integer d > 1, an arity-2d signature M in K-coordinates is a
mountain of height d if

supp(M) € HW5,; U {0%?, 124} and  M(0*)M(1%%) £ 0.
Equivalently,
{x2d(z) : M(x) # 0} C {—d,0,d}, {—=d,d} C {x2a(x) : M(z) # 0}.
Thus the height is both half the arity and the absolute integer half-charge of either endpoint. No

restriction is placed on the central EO layer.
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For an X-edge grid © with vertex set V(£2), every edge contributes one 0-bit and one 1-bit.
Hence each contributing assignment z, with induced local word x, at vertex v, satisfies

Z Qarity(fv)(‘rv) =0.

veV(Q)

Thus X-contraction preserves external total charge.

Remark 2.4 (Notation relative to prior work). We follow [MWXZ25, Sections 2.1-2.3] in writing
F = K='F, HW=Z, HWS, HW=, and EO signature. Their #, and =, are our X and EQ,.,
respectively; subscripts in HW,? record arity. Thus ¢,(z) = [{j € [r] : x; = 1}| = |{j € [r] : z; = 0}],
while the height arguments use its integer half y, = ¢, /2.

Our span is linear span; the affine span denoted Span(f) in [MWXZ25] is written aff (supp(f)).

2.11 Bell signatures and the Reed—Muller core

For d, ¢, u,v € Fy, define the ordered Bell signature
Bao(u,v) = 1u@ v = d)(~1)"™.

Write B, = By, for v = (d, 0)T. Port order matters for By 1, which is negated under reversal.
With truth-table order 00,01, 10,11, these four signatures are

Byo = (1,0,0,1) =1, Bp1=(1,0,0,—1)= 2,

7
B1,02(071>170):X7 31’1:(0,1,—1,0):}/. ( )

On an even finite port set, a Bell product is a nonzero scalar multiple of a tensor product of Bell
signatures on the oriented pairs of a perfect matching. Reversing a pair carrying B changes the
scalar sign; on the empty port set a Bell product is a nonzero scalar. A binary proportional to a
Bell signature is written B = B,. Our real skew matrix Y differs from the conventional complex
Pauli Y-matrix by a nonzero scalar.

Remark 2.5 (Bell notation in Shao—Cai). The tuple in Equation (7) is Shao—Cai’s (=5 ,=5,#5 , %5 )
[SC20, Section 2]; YT = —Y. Their holographic matrix named Z is our K, whereas our Z is only
the diagonal sign matrix.

Index the eight ports by the points of F3 in lexicographic order. The first-order Reed—Muller
code is
RM(1,3) = {(¢(t))sers | £: F3 — Fy is affine}.

Explicitly, its elements are the truth tables of
U(t1,t2,t3) = a + uity + uzts + usts, a,uy, ug, uz € Fo,

with all arithmetic over Fy. Evaluating such an £ on the eight inputs ¢t € F3, in the fixed order
above, gives one binary string of length eight. The 2* = 16 choices of (a,u1, us,u3) give exactly the
sixteen codewords of RM (1,3). For x € F§, we write

RMg(z) = 1[z € RM (1, 3)]. (8)

Remark 2.6 (The Shao—Cai fg core). With the preceding port order, RMg is the signature fg = ]?8 of
[SC20, full version, Section 8]. Its Bell contraction identities are established in [CFS20b, Theorems 13—
14]; Lemma 8.12 proves the reduction adjoining equality to the current signature set.
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2.12 Exact finite verification

The appendix states the finite calculations used in the proof and describes how the supplied programs
reconstruct and check the candidates from their defining equations. All arithmetic is exact. For an
integer matrix, a nonzero k-by-k minor, or rank k£ modulo a prime, gives rational rank at least k.
For a matrix with n columns, s independent rational kernel vectors give rank at most n —s. We use
modular arithmetic only with these stated rank bounds, not as a substitute for a characteristic-zero
identity.

The six-port calculation also uses exact satisfiability checks for real polynomial systems after
splitting complex variables into real and imaginary parts. The appendix records the normalization
and coordinate conventions, software requirements and which conclusions depend on the solver. The
correspondence between results and programs is in certificates/theorem-to-script-map.md.

2.13 Tractable signature sets and effective recognition
2.13.1 The standard signature classes

We include the zero signature in every class below. The affine class &/ consists of the zero signature
and the nonzero arity-r signatures

f(x) = A1[Az = b] 9@, (9)

where r,m > 0 are integers, A € Q" Ac Mat,xr(F2), b € F5' and Q : F, — Z4, where Zy = Z/4Z,
is represented by a multilinear polynomial over Z4 of degree at most two whose mixed coefficients
are even. Kquivalently, the phase is a product of fourth-root phases of affine linear forms interpreted
as {0, 1}-valued integers. Here a mized coefficient is the coefficient of x;z; for i # j, and an affine
linear form over s is ag + Z;Zl a;jz; with all coefficients in Fo.

The product class & consists of zero and all signatures of the form A[]7Z; h;, where m > 0
is an integer, 0 # \ € Q, and every factor hj is a unary, binary equality, or binary disequality
constraint applied to the signature variables. Empty products and repeated variables are allowed;
an inconsistent product denotes the zero signature.

For every integer ¢ > 2, put

pg =€ T, = diag(1, py).
For r € Z, define the arity-wise affine twist 7 by

fedl <« (I,")°*Wfeq.

Since Tj = diag(1,1) preserves </, we take r mod g; in particular, 7> = diag(1, e™/4). The local-
affine class .Z consists of the signatures f such that

arity(f)
® T, | feod for every a € supp(f).
j=1

Let .7 be the set of all unary and binary signatures, and let

A ={f: fis a Boolean signature and f(z) = 0 for every z with wt(xz) > 1}.
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Definition 2.7 (Common transformability and K-presentation). Let € be closed under nonzero

scalars and port permutations. A finite signature set F is @-transformable if one M € GLy(Q)
satisfies
MM e%, MlFC%.

Equivalently, for F=KF , one matrix U = K~ M gives the common K-presentation
UTXU € ¢, U 'FcCe.

In both displays the edge is included and the quantifier order is one basis for the entire signature
set, not one basis per signature. We use this definition for ¢ € {&, &, £} and for every fixed
affine twist 7 (in particular 27').

2.13.2 The Eulerian-orientation predicate

For an arity-r signature g, define its central restriction

gleo(z) = g(x)1g,(x) = 0.

It is zero for odd r, and zero restrictions are deleted. For a signature set G, set

Gleo ={9lro : 9 € G, glro # 0}.

Let g # 0 have arity k and be supported on the single Hamming layer of weight d. Its FO
completion is the ordered tensor

(2d—Fk)

&
g A, , 2d >k,
97RO {g @ APF2D) - 9q < k. (10)

The original ports precede the added unaries; a zeroth power is the nullary unit. The completed
signature has even arity and central support, hence is EO. For a signature set of nonzero single-layer
signatures, write

Gro = {9-r0 : g €G}.

For arity-2d EO signature g, an oriented perfect pairing 7 = ((a1,b1),. .., (a4, bq)) has unordered
pairs partitioning [2d]. For z € F4, let y € F3? be the unique word with Yo, = zj and yp, = 1 — 23
the pairing induces

9" (21, .,24) = 9(y).
Definition 2.8 (The predicate EOTract). For a finite EO signature set G, EOTract(G) holds if there

exist a single sign ¢ € {+1, —1} and a single class ¢ € {7, 2}, both shared by the entire signature
set, such that:

1. for every g € G and all a, 3,7 € supp(g), if 6 = a @ 8@, then § € supp(g) or €qasity(g)(d) > 0;

2. for every g € G and every oriented perfect pairing 7 of its ports, g™ € €.

We adopt the vacuous convention EOTract(@) = true.

This is the opposite-pair restriction of [MWXZ25, GSS26]: substitute y,, = 1 — y,,;, with the
converse lifted, for a pairing with d pairs, by H?Zl X (Ya;,Yp,;). Both &7, & are closed under it.
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2.13.3 The tractability predicate

For an arbitrary finite signature set F, define Tract(F) := Tract(F°), where F° is defined in
Section 2.9. For a preprocessed signature set F, put F = K ~!F. Define Tract(F) to be the
disjunction of the following seven alternatives.

(1) The signature set F is common one-sided, in the explicit sense that

=y f)CHW= feF f LU
[vf S ‘F7 Supp( ) Warlty(f)] or [\V/f € f’ SuPp( ) arlty(f)]’

and EOTract(F|go) holds.

(2) Every fE Fis supported on one Hamming weight d;. Across the signature set, some support
word has negative charge and some (possibly other) support word has positive charge, and
EOTract(F_go) holds, with the completion operation defined in Equation (10).

(7).
C(KAM),or FC(KXM).

3
4

F is «7-transformable.

) F
) F
)
)

F is H-transformable.

(
(
(5
(6
(

7) F is Z-transformable.

Remark 2.9. For every signature f, the matrix symbols in Item (4) act tensorwise at the arity of
each signature. In particular,

f € (K#) < every tensor-prime factor of K1 f lies in .,
f € (KX.#) <= every tensor-prime factor of XK ' f lies in ..

Lemma 2.10 (Effective algebraic transformability witnesses). Let E € Mat2(Q), let F be a finite
algebraic signature set, and let € € {o/, P, L}. Suppose there is a matriz U € GLo(C) such that

UTEU € %, U 'FCe,

where membership in € allows complex values for the free scalar and unary parameters in its normal
forms. Then such a witness exists in GLa(Q). Moreover, for exact algebraic input, the existence of
a witness is decidable and an algebraic witness can be produced.

Proof. This is [LM26a, Lemma 2.15]. O

2.13.4 Dichotomies and tensor decomposition

Theorem 2.11 (Weighted Eulerian orientations [MWX25]; [GSS26, Theorems 1.1 and 2.17]). For
every finite algebraic EO signature set G, if EOTract(G) holds, then K-Holant(G) € FP; otherwise
K-Holant(G) is #P-hard. The polynomial-time side uses the LP algorithm of Guan, Shao, and Shi.

Theorem 2.12 (Single-weight K-Holant [MWXZ25, full version, Theorem 31; conference version,
Theorem 28|). Let G be a finite preprocessed algebraic signature set in which every signature is
supported on one Hamming layer. Then K-Holant(G) is #P-hard unless either G is common one-
sided with EOTract(G|go), or both positive and negative charges occur and EOTract(G_,ro). Both
exceptions are in FP by Theorem 2.11.
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Theorem 2.13 (Odd-arity Holant [MWXZ25, full version, Theorem 33; conference version, The-
orem 30]). Let F be a finite preprocessed algebraic signature set containing a nonzero odd-arity
signature. Then Holant(F) € FP if Tract(F) holds, and is #P-hard otherwise.

Its first two alternatives were originally in FPNP; the stated FP conclusion follows from [GSS26,
Theorem 1.1 and Corollary 1.2].

Theorem 2.14 (Tensor-factor extraction [MWXZ25, full version, Theorem 32 and Remark 39;
conference version, Theorem 29]). Let A be a finite signature set and let h = a ® b be a nonzero
tensor product. Unless A U{h} is common one-sided,

K-Holant(A, a,b) =1 K-Holant(A, h).

In the common-one-sided exception, K-Holant(A, h) is in FP when EOTract((AU{h})|ro) holds and
is #P-hard otherwise, by charge conservation and Theorem 2.11.

Theorem 2.15 (Quaternary eight-vertex boundary [CF23, Theorem 3.1]). Let M be a quaternary
signature satisfying

supp(M) C {z € {0,1}* : wt(x) = 2} U {0000,1111}, M (0000)M (1111) # 0.

Then Holant(X | M) is #P-hard unless there exist € € {7, P, L} and U € GL2(Q) such that
UTXU €%, UM e¥%.
FEvery exception is in FP. The source permits U over C; Lemma 2.10 makes it algebraic.

Theorem 2.16 (Even-degree counting CSP [CLX18, full version, Theorem 4.1]). Let G be a finite
algebraic Boolean signature set. Then #CSP?(G) is #P-hard unless one common alternative holds:

GCo, GC2P», GC¥  or GCd.
FEach exceptional case is computable in polynomial time.

The source assumes that both pinnings are freely available. In the present formulation, EQ, is
available on the variable side of #CSP?, and Corollary 3.5 supplies those pinnings. Any ordinary-
Holant oracle instance arising in this use is returned to bipartite CSP form by merging adjacent
even-arity equality vertices and subdividing every remaining G-G edge with EQ,. The class denoted
o/* there is our 7' ; the inverse-twist convention does not change the class because Ty = diag(1,1)
preserves 7.

Theorem 2.17 (Degree-multiple counting CSP [CFS20b, full version, Theorem 5.3; proof in
Section 5.5]). Let ¢ > 2 be an integer and let G be a finite algebraic Boolean signature set. If
#CSPY(X,G) is not #P-hard, then either

gCc» or gg%r for oner e {1,...,q}.

Both alternatives are computable in polynomial time.

2.13.5 Decidability and polynomial-time evaluation

Theorem 2.18 (Recognition and evaluation). For every finite algebraic signature set F, the
predicate Tract(F), with the preprocessing convention of Section 2.9, is decidable. If it holds, then
Holant(F) € FP.

Proof. This is [LM26a, Theorem 2.22]. O
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2.14 Problem equivalence and normalization
2.14.1 Factor closure

For a preprocessed finite signature set A, choose an exact tensor-prime factorization of every member
and let II(A) be the finite set of all prime factors, with their ordered port blocks. We call A
factor-closed when II(A) C A.

Lemma 2.19 (Factor closure). If A is not common one-sided, then
K-Holant(A) =1 K-Holant(A UTI(A)). (11)

Accordingly, under the equivalence convention we replace A by this union, keep the same notation,
and assume II(A) C A. Repeated factorization terminates because every proper positive-arity factor
has smaller arity than its parent.

Proof. This is [LM26a, Lemma 2.23]. O

For a factor-closed signature set A containing a tensor-prime signature of arity at least three, put
v(A) = min{arity(h) : h € A is tensor-prime and arity(h) > 3}.

This parameter is used only after the branch in which every prime factor has arity at most two has
been removed.
2.14.2 Downward inheritance and coordinate transport

Lemma 2.20 (Downward inheritance). If G C G’ are preprocessed signature sets and Tract(KG')
holds, then Tract(KG) holds.

Proof. This is [LM26a, Lemma 2.24]. O

Lemma 2.21 (GO(X)-invariance of tractability). Let G be a finite preprocessed signature set and
let D € GO(X). Then
Tract(KG) <= Tract(K(DG)).

Proof. This is [LM26a, Lemma 2.25]. O

Lemma 2.22 (Coordinate transport along equivalent augmentations). Let Gy be a finite preprocessed
algebraic signature set, and let Ly be a number field containing its entries, their conjugates, and
every algebraic constant fized before the construction. Consider a sequence (A;, A;), in which every
A; is a finite preprocessed algebraic signature set, beginning with

Ag =1, Ao = Go,

in which each step is one of the following.

1. An augmentation satisfying the following conditions: set A;y1 = A;, choose a finite Ajy1 DO A;
with
K—Holant(AHl) ST K—Holant(Ai),

and require every newly adjoined positive-arity signature h to satisfy

h = AZ® 3Lrity(h)ho for a tensor hy over Lyg.
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2. A global normalization: choose D; € GO(X), and set
Aipr = DiAi, N1 = Dil\g,

recording the known nonzero scalar contributed by each transformed native edge as in Equa-
tion (2).

Then, at every indez i,
A;Go C A, AT XAy = X (p; € Q), K-Holant(A;) =1 K-Holant(Gy), (12)
and every positive-arity h € A; satisfies
h = A? arity(h) ho for a tensor hg over Ly.

At an index where every nonzero directly realizable ordered binary is nonsingular and has finite
projective transfer order, let G(A;) be the group of its projective transfer classes [BX], and put

Then G; < PGLy(Lo). On any consecutive sequence of such indices, a global normalization leaves
G; unchanged, whereas an augmentation can only enlarge it. Thus all groups compared in the
finite-group argument lie in the single fixed field Ly; any generic interpolation that leaves this field
1s used only when it completes the complexity classification of the current case.

If Tract(KA;) holds, then Tract(KGy) holds. Separately, if one matriz V is a common €
K-presentation of A;, where € is closed under nonzero scalar multiplication, then

W=A"1vV
is a common € K-presentation of Go. In particular, this applies to o, P, L.

Proof. This is [LM26a, Lemma 2.26], applied inductively to the two displayed kinds of step. Re-
striction supplies the reverse reduction for an augmentation. A normalization conjugates the raw
transfer group by [D;], which cancels after pullback by [A;+1] = [D;A;]. O

2.15 Binary-equality and quaternary dichotomies

The following dichotomies are consequences of the results of Liu and Meng [LM26a].

Theorem 2.23 (Binary-equality K-Holant dichotomy). Let A be a finite algebraic signature set
containing I = EQ,. If Tract(KA) holds, then K-Holant(A) € FP; otherwise K-Holant(A) is
#P-hard. The applicable side is decidable from exact algebraic input.

Proof. [LM26a, Theorem 1.2] is stated with a reduced four-clause predicate. Since I € A, its
coordinate image contains Z = K®2I € KA; hence the binary-anchor lemma [LM26a, Lemma 2.13]
identifies that reduced predicate with Tract(K A). The displayed formulation follows. O

An eight-vertex signature has arity four and vanishes on odd Hamming weight.

Theorem 2.24 (Tensor-prime quaternary K-Holant dichotomy). Let A be a finite algebraic signature
set containing a tensor-prime eight-vertex signature M with M (0000)M (1111) # 0. If Tract(KA)
holds, then K-Holant(A) € FP; otherwise K-Holant(A) is #P-hard. The applicable side is decidable
from exact algebraic input.
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Proof. This is [LM26a, Theorem 1.3]. O

Corollary 2.25 (Eight-vertex K-Holant dichotomy). Let I be a finite algebraic signature set
containing an eight-vertex signature M with M(0000)M (1111) # 0. If Tract(KT') holds, then
K-Holant(T") € FP; otherwise K-Holant(I") is #P-hard.

Proof. If Tract(KT') holds, Theorem 2.18 and Equation (4) give the polynomial-time conclusion.
Assume —Tract(KT'). If M is tensor-prime, Theorem 2.24 gives hardness.

Suppose instead that M is tensor-decomposable. Its nonzero endpoint values exclude a 1 + 3
factorization: setting the one-port block to 1 and the other block to 000 would give a nonzero
odd-weight entry. Thus every nontrivial factorization has type 2 + 2. In such a factorization, the
nonzero endpoints and the odd-weight zeros force each binary factor to be diagonal with both
diagonal entries nonzero. Up to a port permutation and a nonzero scalar, one factor is therefore

E = diag(p,q), p,q€Q”.

Because M contains both charge signs, the common-one-sided exception in Lemma 2.19 is impossible.
By the equivalence convention, we may therefore assume E € I". Choose algebraic a,b # 0 with
a’p = b?q = 1, and put D = diag(a,b). Then

DTXD = abX, DED'" =1,

so D € GO(X) and DT contains I. The global normalization and Lemma 2.21 preserve both
complexity and the failure of Tract. Hence Theorem 2.23 gives hardness. Thus the tensor-prime and

tensor-decomposable cases follow from the quaternary and binary-equality dichotomies, respectively.
O

3 Auxiliary Reductions

This section collects binary interpolation, reductions using one occurrence of an additional signature,
and dichotomies for sets containing a nonzero unary or a higher equality. We also prove hardness
when a set satisfying the stated charge and nontractability assumptions contains an EO signature
outside Bags.

3.1 Binary Interpolation

Lemma 3.1 (Binary interpolation). Let I be a finite algebraic signature set whose supported doubled
charges include both signs, let 0 # B € I be ordered binary, and put A = BX.

1. If B=u® v is singular, where u,v # 0, then factor closure gives u,v € I

2. If A is nonsingular and has infinite projective order, there is a nonzero rank-one binary H € T'.

Proof. This is [LM26a, Lemma 3.1]. O

3.2 Single-occurrence Reductions and Nonzero Unaries

The single-occurrence argument used below was originally developed for an expanded version
of [MWXZ25]. Since that version is not publicly available, we include the argument here for
completeness.
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The dichotomy for a set containing a nonzero unary will apply below; both point masses are
needed only in the constructions that explicitly use them. Write

A=Ayg® Ay,

with the displayed order of its two ports. For a signature g, the superscripts g=' and ¢g=!' mean that
an oracle instance contains, respectively, exactly one or at most one g-vertex. They do not denote
tensor powers.

Lemma 3.2 (Reduction with at most one A-vertex). For every fized finite algebraic signature set
r

7

K-Holant(T', AS!) <1 K-Holant(I').
No EO, parity, charge, mountain, or tractability hypothesis is required.

Proof. This is [LM26a, Lemma 3.2]. O

The next elementary lemma isolates the only additional ingredient needed to turn one-occurrence
access into unrestricted access to a new signature. It applies verbatim to ordinary Holant and to
K-Holant; write H for either setting, with its native wires.

Lemma 3.3 (Single-occurrence replication). Let I' be a fized finite algebraic signature set, and let g
and h be nonzero signatures of arities r and s, respectively. All connections below use the native
binary edge: EQq for ordinary Holant and X for K-Holant. Suppose that

1. H(T, g™ <1 H(T);

2. there is a fized gadget C' over I' whose dangling edges are the three disjoint ordered blocks

A= (ay,...,a.), P=(p1,...,pr), Y =(y1,.-.,Ys)

Connecting one g-vertex coordinatewise to A realizes
pg(P)h(Y)

on PY, for a known p € Q. Moreover, for consecutive copies C;, Ci11, the block P; can be
connected coordinatewise to A;+1, with no other port identifications. Thus a chain of k copies,
beginning with one g-vertex, contains exactly that one g-vertex and realizes

k

pFa(P) [ h(Y2),
=1

where the blocks Y1, ...,Yy are pairwise disjoint; and

3. there is a fized instance J over TU{g}, containing exactly one g-vertex, whose exactly computable
partition value Z(J) is nonzero.

Then
H(T, h) <p H(T).

Proof. This is [LM26a, Lemma 3.3]. An input with no h-vertex is already an instance over I'. Let
Q) be an input with £ > 1 occurrences of h. Delete those vertices, retain their incident edges as k
ordered boundary blocks, and attach the blocks Yy, ..., Y} of the displayed chain coordinatewise
in the corresponding orders. Let J° be the network obtained by deleting the unique g-vertex of .J,
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and join its boundary coordinatewise to Py in the port order inherited from that removed vertex.
Denote the resulting instance by €. It contains exactly one g-vertex, and the two tensor identities
give

Z(Q) = p*Z2(NZ(Q).
Divide by the known nonzero scalar p*Z(.J) and apply assumption 1. O
Lemma 3.4 (Dichotomy with a nonzero unary). Let F and I be finite algebraic signature sets, and

let uw # 0 be unary. If uw € F, then Holant(F) is #P-hard unless Tract(F) holds. Likewise, if u € T,
then K-Holant(T") is #P-hard unless Tract(KT') holds.

Proof. This is [LM26a, Lemma 3.4]. O

Corollary 3.5 (Higher equality supplies unaries). Let d > 4, and let T' be a finite algebraic signature
set in either the ordinary-Holant or K-Holant setting. If EQ, € T', then Ag,Ay € I'. Hence
Lemma 3.4 applies.

Proof. This is [LM26a, Corollary 3.6]. O

3.3 Hardness from an Eulerian-orientation Signature

For the results that invoke (REO1)—-(REO2), fix a finite preprocessed algebraic set ' of even-arity

signatures in K-coordinates satisfying:

(REO1) Among the values Xarity(s)(7), with f € I and = € supp(f), at least one is positive and at
least one is negative;

(REO2) —Tract(KT).

All gadget connections in this subsection use the native edge X. Arrow-reversal symmetry (ARS)
means h(x) = h(z) for every input . An EO signature h has projective arrow-reversal symmetry
(projective ARS) if, for some ¢ € Q~,

(c71h)(z) = (c1h)(2) for every x € {0,1}¥itv(h),

Here z is bitwise complement and the overline on the coefficient is complex conjugation. An EO-ARS
binary is both EO and ARS without rescaling. Let Barg consist of the nonzero scalar multiples
of products on arbitrary perfect matchings, with an orientation chosen for each matched pair, of
binary EO-ARS signatures

(0,a,@,0), acQ". (13)

We write #4= dpo11 + d1100- Nonzero scalars and output-port permutations are suppressed according
to the equivalence convention.

Lemma 3.6 (Substitution of fixed gadgets in a larger signature set). Let A C T be finite algebraic
signature sets in K-coordinates. Suppose that a finite source derivation starting from A adjoins a
finite set S using only fived direct X -gadgets. Then the same derivation is valid over I, and

K-Holant(I' U S) <t K-Holant(T").

If, at some stage, a source subproblem K-Holant(A'), with A" C AUS, is #P-hard, then K-Holant(T")
is #P-hard.
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Proof. Each direct gadget is substituted independently at every occurrence of its output signature,
leaving vertices labelled from I' \ A unchanged. Induction over the finite source derivation proves
the displayed reduction. For the final claim, restriction and that reduction give

K-Holant(A") <1 K-Holant(T' U S) <t K-Holant(T).

A problem-level Turing reduction quoted from a source is not, by itself, a direct-gadget derivation:
its local signature-producing operations must first be identified. Tensor-factor extraction is not
included in this statement; whenever it is used below, it is supplied separately by Theorem 2.14. [

Theorem 3.7 (Hardness from an EO signature outside Bagrs). Assume (REO1)-(REO2). Let
h €T be a nonzero positive-arity EO signature. Suppose there are no A € @X, perfect matching Py
of its ports together with an orientation (i,j) of each matched pair, and coefficients a;; € Q" such
that
h=X & (0,ai;,a;,0)i;.
(4.4)EPn

Then K-Holant(T") is #P-hard.

Lemma 3.8 (Complementary quaternaries supply a unary). Assume (REO1)-(REO2), and suppose
D €T, where B
D=pé+qds,  se{0,1}", wt(s)=2, p,qeQ",

then I' contains a nonzero unary.

Proof. First reduce D to the unweighted complementary quaternary. After a port permutation take
s = 0101, and connect the same last two port positions of two copies through native X-edges. The
resulting ordered quaternary is

Q(z1, 2, y1,52) = Y D(w1,22,u,v)D(y1,y2,1 —u, 1 — )
u,v€Fg

= pq (o110 + d1001)-

Thus, in output order (z1,y2, z2,y1), the output is the nonzero scalar multiple pg #4; hence #4€ T
Put E =#4. Joining the fourth ports of E(ai,as,as,u) and E(by,bs,bs,v) through X (u,v)
realizes, in output order (a1, as, b3, as, by, be), the six-ary generalized disequality

9000111 + 0111000-

Attach the Ag-port of one A-vertex through X to aq, and its Aj-port through X to as. This selects
the word 111000; in remaining-port order (b1, ag, b2, b3), the output is dp101 = A®@ A. In the notation
of Lemma 3.3, delete the unique A-vertex to obtain a gadget with input block A = (a1, a3) and
output blocks P = (b1,a2), Y = (ba, b3). Connecting a A-vertex to A realizes A(P)A(Y'). Connect
P of each copy to A of the next, in the displayed orders, with no other port identifications. A chain
of k copies therefore uses exactly one A-vertex and realizes A(Py) [T, A(Y;) on pairwise disjoint
output blocks. Closing a single A-vertex by X has value one. The reductions in Lemmas 3.2 and 3.3
therefore give unrestricted access to A, so the equivalence convention places A € T.

Now use A = Ap ® A;. By (REO1), the common-one-sided exception in Theorem 2.14 is
impossible. Factor closure gives Ag, A € T'. O
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Lemma 3.9 (EO alternative). Assume (REO1)-(REO2), and let 0 # h € I" be a positive-arity EO
signature. Then either there is a ¢ € @X such that

(c'h)(z) = (cTh)(@) (2 € {0,1}*1%I),
or K-Holant(T") is #P-hard.

Proof. We first settle the scalar field. Suppose an algebraic signature hg is ARS after multiplication
by an arbitrary nonzero complex scalar. Then, for some p € C*,

ho(x) = pho(a_J).

Choose x with ho(x) # 0. The same identity implies ho(Z) # 0, and hence

€Q, pp =1

Setc=1+pifp#—1,andset c=iif p=—1. Then c€ Q" and c/¢ = p, so ¢ thg is ARS. Thus
every source conclusion that ARS holds up to a nonzero scalar has the algebraic scalar required in
the statement.

We next handle the binary case. Write h = (0,a,b,0). If ab = 0, then h is a nonzero singular
binary, so Lemma 3.1 and factor extraction give a nonzero unary. By (REO2) and Lemma 3.4, this
is hard. Suppose ab # 0, and put

A = hX = diag(a,b).

If A has infinite projective order, Lemma 3.1 first gives a nonzero rank-one binary; applying its
singular case and factor extraction again gives a unary and hence hardness. Otherwise a/b is a
root of unity, so |a| = |b|. With p = a/b, one has h(z) = ph(z) for all z, and the preceding scalar
argument proves the required projective ARS conclusion.

Assume now that arity(h) > 4. Let L be the number field generated over Q by all entries of T’
and their complex conjugates. It is a finite extension of Q. Every output of a fixed direct X-gadget
over signatures already generated from h has entries in L, and every nonzero ratio used to normalize
such an output also lies in L.

Run the generating process of [MWX25, Definition 29] on the singleton source {h}, with X as its
initial binary. FEach self-loop and each binary path in that definition is a fixed direct X-gadget. We
therefore adjoin its output to I' by Lemma 3.6; zero outputs are discarded. If a generated nonzero
binary is singular, the singular case of Lemma 3.1 gives unary factors. If it is nonsingular but its
transfer has infinite projective order, the other case of that lemma gives a rank-one binary and then
unary factors. Either event is hard by (REO2) and Lemma 3.4. Notice that (REO1) persists under
these equivalent augmentations, so the factor-extraction exception never occurs.

Otherwise every generated nonzero binary is nonsingular and, up to a nonzero scalar, has the
form

B, = <2 (1)> , re L™, B, X = diag(1,r),

where 7 is a root of unity. Let R; be the parameter set represented by the source family B;(h) at
stage 7. The path clause in Definition 29 makes each nonempty R; the subgroup generated by the
root-of-unity parameters available at that stage; repeated self-loop descent [MWX25, Lemma 39|
supplies nonemptiness. To make the monotonicity explicit, write the source’s stage operation as
®. TIts self-loop and path construction is monotone under inclusion of its input parameter set.
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Finite order and the positive-power path clause give 1 € Ry, so Ry = {1} C R;. Inductively,
R; = ®(R;—1) € ®(R;) = R;+1- Equality at one stage forces equality thereafter by the same
operation. Every R; lies in the group of roots of unity of L, which is finite. Consequently this
increasing chain stabilizes at some finite stage ig. For a unique k > 1, writing p;, = {w : w* = 1},
the stabilized source notation is therefore

B(h) = Biy(h) = {Bu : w € p}.

Thus every gadget construction invoked below is finite, as required by Lemma 3.6.

If £ > 3, [MWX25, Lemmas 40-42] show that h is ARS up to a nonzero scalar. The opening
scalar argument completes this case.

Suppose k = 2, and write Y = B_; = (0,1,—1,0). Both X and Y are available in the source
derivation, and Y is realized by a direct gadget. We use the proof of [MWX25, Lemma 47], not
merely its displayed problem-level reduction. Its arity and support-distance inductions use only
fixed X- or Y-self-loops. At arity four, the proofs of [MWX25, Lemmas 45-46], before invoking their
general problem reduction, construct either an EO quaternary ¢ for which the singleton problem is
hard by [MWX25, Theorem 16], or a nonzero complementary quaternary

D =pis+q'és,  pgd #0;

the two-copy subcase realizes #4 itself. All these signatures arise by the fixed self-loops and two-copy
gadgets just identified, so Lemma 3.6 adjoins them relative to I'. The hard quaternary gives hardness
by restriction. The complementary quaternary gives a unary by Lemma 3.8, and then hardness by
Lemma 3.4. In the remaining case, the proof of Lemma 47 gives ARS up to a nonzero scalar, to
which the opening argument applies.

Finally suppose k = 1. Follow the proof of [MWX25, Lemma 48], and let C'(h) denote its set
of nonzero quaternary signatures obtained by successive X-self-loops. Every member of C'(h) is
therefore available by Lemma 3.6. Moreover, every binary generated from such a signature is also
generated from h. Hence its generated binary set is contained in B(h) = {X}, and Lemma 39 makes
that set nonempty; it is therefore exactly {X}. If a member of C(h) lies outside {X®? Y ®2}  the
proof of Lemma 45 reaches exactly one of the hard or complementary quaternaries described in the
preceding paragraph. If Y®2 € C'(h), adjoin this signature and apply Theorem 2.14. Assumption
(REO1) excludes its exceptional case, so Y is available; the proof of Lemma 47 then applies because
B(h) C {X,Y} and both binaries are available. This replaces, rather than imports, the problem-level
tensor-power reduction in [MWX25, Lemma 38]. The case C'(h) = @ is impossible for nonzero h by
Lemma 39. In the remaining case C(h) = {X®2}, the reorganizing argument in Lemma 48, together
with [MWX25, Lemma 43], makes h a scalar multiple of a real domain-symmetric signature, hence
projectively ARS. Its real and imaginary parts are used only as vectors in that argument; they are
not signatures adjoined to I'. The opening scalar argument again makes the scalar algebraic. [

Lemma 3.10 (ARS alternative). Assume (REO1)-(REO2), and let 0 # h € I" be a positive-arity
EO signature for which there is a c € @X satisfying

(c'h)(@) = (cTh)(@)  (x € {0,131 I),

If there are no A € Q”, perfect matching Py, together with an orientation (i,j) of each matched pair,
and a;; € @X such that
h=M\ ® (O,Gij,@, O)Z’j,
(i.3)€Pn
then K-Holant(T") is #P-hard.
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Proof. Put h' = ¢~ 'h, which is algebraic, EO, and ARS. By unique factorization and the ARS
factorization lemma [CFS20a, Lemmas 2.13-2.14], choose a tensor-prime factorization of A’, up to an
overall scalar, into factors g1, ..., gm on disjoint port blocks, each satisfying ARS exactly. We now
choose representatives without losing either algebraicity or ARS. For each j, choose a; € supp(g;),
let @« = a1 - - - oy, and define on the port block of g;

R (aqy ey o1, 2y Q1 e - -y Qi)
Qj(z) = ’ W (c) : =

Then ¢; = g;/9j(a;). Hence every g; is algebraic, EO, tensor-prime, and projectively ARS, and
m
h/ = h,(Oé) ®q]'.
j=1

For each g;, the algebraic-scalar argument in the preceding lemma gives c¢; € Q™ such that Dj = cj_lqj
satisfies ARS exactly. Thus

h' = h'(a)(f[lcj) épj,

with an algebraic overall scalar and algebraic EO-ARS tensor-prime factors p;. If every tensor-
prime factor were binary, the prohibited displayed decomposition of h would hold. Thus there is a
nonbinary tensor-prime EO-ARS factor f ¢ Bagrs. Iterated use of Theorem 2.14 adjoins f to the
current set; by (REO1), its common-one-sided exception is impossible. Whenever the cited descent
subsequently extracts another factor, we repeat the displayed ratio construction and rescale by a
nonzero algebraic scalar to obtain an ARS representative.

Apply the proof of [CFS20a, Lemmas 3.2 and 4.1-4.7; Theorem 4.8] to the singleton EO-ARS
source generated from f, not to the possibly non-EO ambient language I'. The signature-producing
operations in that proof are local: the tensor connections in Lemma 3.2 and the mergings in
Lemma 4.6 are fixed direct X-gadgets, while the selected-port attachments of the fixed binary
1Y = (0,4,—1%,0) in Lemmas 4.5-4.6 are direct gadgets after that binary factor has been extracted.
These direct gadgets can be substituted over I' by Lemma 3.6; every factor-extraction step is
supplied separately by Theorem 2.14, whose exception is again excluded by (REO1). Sections 3—4
of the cited proof use no polynomial interpolation.

Concretely, Lemma 3.2 produces a direct EO quaternary whose singleton problem is hard,
directly realizes #4, or enters its mutual-orthogonality case. Lemmas 4.1-4.4 supply the divisibility
propagation used in Lemma 4.6. Lemmas 4.5-4.6 descend through signatures outside Barg, and
Lemma 4.7 rules out mutual orthogonality in the base arities 4,6, 8. Hence the descent adjoins either
a hard quaternary or #4 by the reductions just described. The first gives hardness by restriction;
the second gives a unary by Lemma 3.8 and then hardness by Lemma 3.4.

Finally, the coordinate restrictions called pinnings in the proof of [CFS20a, Lemma 2.14] are
coordinate slices used to establish tensor-divisibility identities; they are not signatures obtained from
direct pinning gadgets. The induction above starts from h € I, or a factor adjoined by Theorem 2.14;
a coordinate restriction of a larger tensor would not suffice, since connecting copies of the larger
tensor could introduce additional terms. O

Proof of Theorem 3.7. Apply Lemma 3.9. Either K-Holant(I") is #P-hard, or h is projectively ARS.
In the latter case, h ¢ Bars, so Lemma 3.10 gives hardness. O

Remark 3.11 (Scope of the literature inputs). The ARS step uses [CFS20a, Theorem 4.8], not the
Section 5 theorem for a wholly EO-ARS signature set. No theorem requiring the ambient set
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itself to be EO or EO-ARS is invoked: the source results are applied only to the indicated EO
sublanguages, their direct gadgets are substituted using Lemma 3.6, and factor extraction is handled
separately by Theorem 2.14.

3.4 Equalities and Generalized Equalities

Remark 3.12 (Simultaneous transformation of the edge and signature). The same matrix U in
Lemma 3.13 must transform both the native edge to a nonzero multiple of EQ, and the quaternary
signature to a nonzero multiple of EQ,. Transforming the quaternary alone does not ensure that
the transformed problem has equality edges.

Lemma 3.13 (Dichotomy from a transformed quaternary equality). Let G be a finite algebraic
signature set containing an ordered quaternary signature g. Suppose there are

UeGLy(Q), x A eQ",

such that
(U HTXU™! = KEQ,, U®tg = AEQ,.

Then either K-Holant(G) is #P-hard or Tract(KG) holds.
Proof. This is [LM26a, Lemma 3.8]. O

Lemma 3.14 (Dichotomy with a generalized equality). Let G be a finite algebraic signature set
containing
G4 = codoa + c1014, cg,C1 € @X, q > 4 an integer.

Then either K-Holant(G) is #P-hard or Tract(KG) holds.
Proof. This is [LM26a, Lemma 3.9]. O

Lemma 3.15 (Dichotomy from a two-point Walsh factor). Let I be a finite algebraic signature set
whose supported doubled charges include both signs. Suppose a finite equivalent enlargement of T’
contains a nonzero signature with a tensor factor h of even arity 2k > 4 with

h = (P*1)®2kh = ¢odq + €103, a € F%k, coc1 # 0.

Then K-Holant(I") is #P-hard or Tract(KT') holds. If c¢i/co is a root of unity, a finite equivalent
enlargement contains a quaternary g satisfying the two transformation conditions of Lemma 3.13
with U = K. No reflection or prescribed group of binary transfers is required.

Proof. Adjoin the specified signature and then its factor i using Equation (5) and Theorem 2.14; the
supported charges of both signs exclude the common-one-sided exception. All subsequent gadgets
are native K-gadgets. In Walsh coordinates an edge is PTXP = 27.

Choose two positions at which a has the same bit. Interchanging the names of a, a, if necessary,
makes that bit zero; this merely renames the two terms, and uses no bit-flip gadget. Take two copies
of h, leave these two positions exposed in each copy, and join all other corresponding positions
between the copies. Write J for the joined positions. The diagonal edges allow only the two equally
oriented pairs of support words. Since |J| = 2k — 2 is even, their signs agree. Thus the four-port
gadget output g has

G = Mdoooo + po1111),  p=(c1/eo)?, A =2""2(—1)"t)eg £ 0.
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Closing two ports of ¢ gives a binary B with
B =2)diag(1,—p), P Y(BX)P = 4\diag(1, p).

If p has infinite multiplicative order, Lemma 3.1 supplies a rank-one binary. Factor extraction
supplies a nonzero unary, and Lemma 3.4 gives the conclusion.

Otherwise let ¢ be the order of p. A chain of £ — 1 copies of B has projective Walsh transfer
diag(1, p~1); when ¢ = 1 use the empty chain. Attaching this chain to one port of q gives a gadget
output g with g = ¢(doooo0 + 01111), ¢ # 0. Writing Ey = 1eyen, we have

g=2cE;,  K®g=4cEQ,, (KHYTXK =1

These are the conditions of Lemma 3.13 with U = K, so that lemma applies. The equivalent
enlargements transfer hardness back to I'; tractability is inherited by its subset. O

4 Obtaining a Mountain

For an even-arity signature set with supported half-charges of both signs, we can adjoin either both
point masses or a mountain, as defined in Definition 2.3, whose height is the gcd of the nonzero
supported half-charges.

Lemma 4.1 (Producing the ged-height signature or both point masses). Let G be a finite preprocessed
algebraic signature set of even-arity signatures. Assume that among the supported values

_ arity(f)

wt(z) 5

feg, flx)#0,
there is at least one positive value and at least one negative value. Put

_ arity(f)

2 i)

d= gcd{‘wt(w) 5

1 feg, flx) #0, wi(z) #

Then d > 1, every supported difference wt(x)—arity(f)/2 lies in dZ, and at least one of the following
reductions holds.

1. There is an arity-2d signature M such that
K-Holant(G, M) <t K-Holant(G),
MO*HM 124 £0, M(z)=0 if wt(z) ¢ {0,d,2d}.
2. Both point masses are accessible:

K-Holant(G, Ag, A1) <t K-Holant(G).

In the second outcome, if = Tract(KG), then Lemmas 2.20 and 3.4 and the displayed reduction imply
that K-Holant(G) is #P-hard.

Proof. Let
C= {Xarity(f)(x) : f S g7 f(CL‘) 7é O> Xarity(f)(w) 7& 0}

be the nonzero supported half-charges. The ged assertion is immediate. The next argument expresses
d and —d as sums of elements of C' with nonnegative multiplicities. Tensor products add half-charges,
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but their factor multiplicities cannot be negative. Because C' contains both signs, take every pair
a,—b € C with a,b > 0. If g = ged(a, b), assigning multiplicity b/g to a and a/g to —b gives total
half-charge zero. Summing these assignments over all positive—negative pairs produces a vector
v E Zgo satisfying

Z vee = 0.

ceC

Bézout’s identity, iterated over the finite set C', supplies an integer vector u € Z¢ with Yocec U =d
[Apo76, Section 1.3, Theorem 1.2]. The entries of u need not be nonnegative, but every entry of v
is positive. Consequently, for all sufficiently large k,

nt =u+ kv, n~ = —u+ kv

are nonnegative integer vectors, while their total half-charges remain d and —d, respectively. Thus
nt and n~ are the required multiplicity lists.

Choose a supported word of half-charge ¢ for each ¢ € C. The two tensor products prescribed by
n*,n~ contain supported words of half-charges d, —d, and all their supported half-charges remain
divisible by d. Applying the endpoint-preserving self-loop lemma [MWXZ25, full version, Lemma 40;
conference version, Lemma 37] and the equivalence convention gives P, N € G of arity 2d with
P(124)N(02?) # 0. Self-loops preserve half-charge, so

supp(P) Usupp(N) C HWa, U {0*,1°%}.

If either P or N has both endpoints, take that signature as the required M. We may therefore
assume
P(0*) =0, N(1%*)=0;

and their remaining entries are central.

If both central parts are nonzero, permute chosen central words to (0%, 1d) in P and (1, Od)
in N, expose the first d ports of each signature, and join their last d ports coordinatewise. The
resulting arity-2d signature ) has unique endpoint extensions and

Q(02d> _ P(Od, 1d)N(O2d), Q<12d) — P(]_2d)N(]_d7 Od),

both nonzero. If only P has a central part, write N = ndg2a for n € @X, permute a supported
central word of P to (0¢,19), and join the two d-port blocks of N to the last d ports of two copies
of P, leaving the first d ports of both copies exposed. Again the endpoint extensions are unique,
with values nP(0%,1%)2 and nP(1%2¢)2. (The opposite one-central case is symmetric.) Half-charge
divisibility restricts either output to half-charges —d, 0, d; take that output as M.

If both central parts vanish, then P = pA‘?Qd and N = nA%wd forp,n € @X. Since the hypothesis
supplies both positive and negative supported differences, the common-one-sided exception to the
tensor-factor theorem cannot occur. Factor closure therefore gives Ag, A1 € G, proving the unary
outcome. It is covered by Theorems 2.13 and 2.14. 0

Remark 4.2. The factor alternative is necessary. For {EXACT3, EXACT{}, where EXACT?(.T) =
1[wt(x) = j], conservation of integer half-charge places every fixed gadget on a single integer-half-
charge layer. Thus no gadget produces a mountain, and Lemma 4.1 gives both point masses by
factor extraction instead.
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5 Mountain Height One

A height-one mountain is an ordered binary signature whose two diagonal entries are nonzero. We
prove the dichotomy for any finite algebraic signature set containing one. We use the equivalent-
signature-set convention throughout: a signature supplied by a gadget, interpolation, or an applicable
factor reduction is adjoined to the current set. When direct realization matters, we specify the
wiring, port order, and nonzero scalar.

A singular binary, or a nonsingular binary whose transfer has infinite projective order, is handled
by Lemma 3.1 and the odd-arity theorem. Otherwise Lemma 5.3 makes the group of all directly
realizable binary transfers finite, and Theorem 5.4 gives a nonsingular weighted equality or an odd
cyclic or odd dihedral group. A weighted equality can be normalized to I = EQ, by one global
diagonal transformation in GO(X), so Theorem 2.23 applies. We treat the odd-dihedral case first,
since its contraction arguments are also used in the odd-cyclic case.

The distinguished binary remains the transported original mountain. A quaternary mountain
satisfies Corollary 2.25. Generalized equalities and the signatures satisfying Lemma 3.13 are handled
by Lemmas 3.13 and 3.14; other tensor factors are adjoined using the factor-reduction equivalence.

Theorem 5.1 (Dichotomy with a height-one mountain). Let I' be a finite algebraic signature set
containing a height-one mountain. Then

Tract(KT) or K-Holant(T") is #P-hard.

The remainder proves the theorem using the current-set convention. Only the global changes of
basis and the changes in G(I') remain explicit.
For an ordered binary signature B, recall its transfer

Tp = BX.
Joining B and C in series through one X-edge realizes BXC, and therefore
Tpxc =TBTc.
Reversing the ports gives the map defined in Section 2.8:
T# = XTTX; T# = (det T)ZT~1Z if T is nonsingular. (14)

Remark 5.2 (Relation to binary-signature classifications). The trichotomy above is the K-Holant
form of the binary classification used by Cai-Lu—Xia [CLX09, CLX18]: singular matrices, and
nonsingular matrices of infinite or finite projective order. The four ordered Bell signatures B =
{Bo,0, Bo,1, B1,0, Bi,1} represent the projective Bell classes of Shao-Cai [SC20]. Their holographic
matrix, denoted Z in that paper, is our K; throughout this paper, Z = (§ ), as in Equation (14).
Beyond the binary classification, we need the complete gadget transfer group and uniform control
of its higher-arity contractions.

Lemma 5.3 (Bounded torsion). Fiz a number field L, and let G be the set of projective transfers
of all directly realizable nonzero nonsingular ordered binary gadgets over a fixed signature set with
entries in L. If G # @ and every element of G has finite projective order, then G is a finite subgroup

Proof. This is [LM26a, Lemma 5.2]. O
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For a current signature set G, suppose that every nonzero directly realizable ordered binary B is
nonsingular and that [BX] has finite order. Series composition and Lemma 5.3 then give the finite

group
G(G) ={[BX]: B # 0 is an ordered binary directly realizable over G}. (15)

This definition includes all such binary gadgets, including those not yet adjoined to G. We use G(G)
only under the stated nonsingularity and finite-order hypothesis; a singular binary has no projective
transfer class. The decision procedure in Theorem 2.18 does not enumerate this group.

Theorem 5.4 (Weighted equality or an odd cyclic or dihedral group). Let G be a finite algebraic
stgnature set containing the height-one mountain

a b
B_<c d)’ ad # 0,

and suppose every nonzero directly realizable binary over G is nonsingular and its transfer has finite
projective order. Then one of the following holds.

1. A nonsingular weighted equality E = diag(p, q), with pq # 0, belongs to the current signature
set.

2. There exist an odd N > 3 and D € GO(X) such that the legal global normalization G — DG
puts G(DG) in exactly one of the forms

{[R:seun).  {[RLIZR]:s € vl Rszé(}fj }1?)-

Every displayed projective class has a fixed directly realizable ordered-binary representative over
DgG.

Proof. Put G = G(G) and
H=(G,[Z]).

All gadget entries lie in the number field generated by the entries of G, so Lemma 5.3 makes G
finite. If [T] € G, port reversal and Equation (14) give [ZT~1Z] € G. Since inversion permutes G,
it follows that [Z]G[Z] = G. Consequently

G<H, [H:G] <2,

and H =G or H=GU|[Z|G, so H is finite.
For the distinguished mountain,
b a
rnx- (1)

has class [T] € G. Since a,d # 0, both off-diagonal entries of T" are nonzero. We first record a
weighted equality. Suppose [S] € G has an anti-diagonal representative

_(0p
S—(q 0)’ pq # 0.

By the definition of G, there is a directly realizable ordered binary Bg and a scalar p # 0 such that
BsX = pS. Hence
Bg = pSX = pdiag(p, q),
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which is the nonsingular weighted equality in outcome 1.

We now use Proposition 2.1 and Lemma 2.2. Their use here is only group-theoretic: the
distinguished class is the fixed [Z], and no conjugating matrix from the abstract classification is
applied to the signature set.

If H is cyclic, it is abelian, so [T] commutes with [Z]. The projective centralizer of [Z] consists
of the diagonal and anti-diagonal classes. The two nonzero off-diagonal entries of T exclude the
diagonal case; thus [T] € G is anti-diagonal and gives the weighted equality.

Suppose H = A4. Since A4 has no index-two subgroup, the index bound forces G = H. The
centralizer of [Z] in H is a Vj, so it contains an involution u # 1, [Z]. The class u belongs to G and
commutes with [Z]. Because [Z] is the only nonidentity diagonal involution, u is anti-diagonal. The
same argument applies when H = As: simplicity gives G = H, and the centralizer of an involution
is again Vj.

Suppose H = S4. If G = H and [Z] corresponds to a transposition, choose the disjoint
transposition; if [Z] corresponds to a double transposition, choose either of the other two double
transpositions. In both cases the chosen involution lies in G, commutes with [Z], and differs from it,
so it is anti-diagonal. If G # H, then the unique index-two subgroup gives G = A4. Here [Z] ¢ G is
an involution outside A4, hence a transposition. If 2’ is the disjoint transposition, then u = [Z]2’ is a
double transposition in A4 = Gj; it commutes with [Z], differs from it, and is therefore anti-diagonal.

It remains to consider

H:ng:<r,z:7’m222:l, zrz:r*1>,

where the distinguished reflection is denoted by z = [Z] when [Z] is a reflection. If m is even and
[Z] = r™/? is the central half-turn, then [T] € G' commutes with [Z]; its two nonzero off-diagonal
entries again make it anti-diagonal. Suppose instead that [Z] is a reflection and m is even. The two
involutions

,r_m/2 [Z]Tm/2

)

commute with [Z] and differ from it. If G = H, both belong to G. If [H : G] = 2, then [Z] ¢ G, and
the two displayed elements lie in opposite cosets of G; hence exactly one belongs to G. In either
event G contains an involution different from [Z] that commutes with [Z], and this involution is
anti-diagonal.

The sole unresolved case is therefore

H = Dsy, N > 3 odd, [Z] a reflection,

with G = Cy or G = Dsyy. Indeed, for odd N the rotation subgroup is the unique index-two
subgroup; thus a proper G is the rotation subgroup, while otherwise G = H.
Choose a rotation class [R] of exact order N, and write

R= (“ ”) .
w o
The dihedral relation gives [ZRZ] = [R™!], while
ZRZz(u _“>, R—1£<$ _“>.
—w oz —w  u

The entries v, w cannot both vanish: otherwise [R] = [R™!], so [R]? = 1, contrary to the odd order
N > 3. Since at least one of v, w is nonzero, comparison in the preceding projective equality forces
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the projective scalar to be 1, and hence u = x. Exactly one of v, w cannot vanish. In that case
nonsingularity gives u = x # 0, and a projective rescaling makes R a nonidentity unipotent matrix;
its powers are pairwise distinct in characteristic zero. Therefore

_(a B
R—<7 a>, By # 0.

Choose ¢ € Q° with ¢ = ~/B, and put
D = diag(q, 1).

Then
DTXD = ¢X,

so D € GO(X); moreover DZD~ ! = Z. With § = q8 = ¢ !,

DRD' = (@ O
0 o)’

The matrix P is used only for the following analytic diagonalization:
P Y(DRD™ )P = diag(a + d, — 6).
Both eigenvalues are nonzero because R is nonsingular. Put

a—9
a+6

S0 —

The exact projective order of [R] implies that sq is a primitive N-th root of unity, and

_ 1(14s 1-—s
1_ i
DRD™" = (a+ d)Rs,, R, = 5 <1—s 1—1—3)'

Since RsR; = R, the normalized rotation classes are precisely
{[Rs] : s € un}-

The diagonal matrix D fixes [Z]. Thus, when G = Cy, these are all normalized classes, and, when
G = Dy, the remaining classes are precisely

{[ZRs] -5 € pn}-

Finally, the normalization gives equality of complete groups, not merely an inclusion. If By is a
directly realizable ordered binary over G, legal global transport gives a directly realizable boundary
tensor Bé) over DG with

BP = DByD",  (DByD")X =¢D(BoX)D™*.
Hence TBOD = DTp,D~!. Applying the same argument with D! € GO(X) gives the converse, so
G(DG) = [DIG(G)[D] .

Every displayed class therefore has a fixed directly realizable ordered-binary representative over
DG, with the nonzero scalar from the global transport recorded and restored. This is a single legal
GO(X)-normalization; neither P nor an arbitrary conjugator from the finite-subgroup classification
is used as a gadget or a global normalization. O
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5.1 0Odd cyclic and dihedral transfer groups

Definition 5.5 (Equivalent updates with strict progress). Let (A,T") satisfy Lemma 2.22 for the
initial set Iy and its fixed number field Ly. An update to (A*,'") must satisfy the same invariant
and use only the augmentations and global transformations allowed there. In particular, I'" is finite,
preprocessed, algebraic, and factor-closed, and

AT T, (AN)TXAT = pge X (par #0),
K-Holant(I'") =1 K-Holant(T").
The transformed height-one mountain and every old tensor-prime signature remain members up

to the same invertible change of basis and their recorded nonzero scalars. Every nonzero directly
realizable ordered binary over both sets is nonsingular with finite projective transfer order. Put

H=[A"'GI)[4],  H" =[AT]7'G(IT)[A"].

Both groups are subgroups of PGLa(Lg). When both values of v are defined, the update is required
to satisfy
HCHT, v(T) < (), H#H?' or v(I'") # ().

Thus at least one comparison is strict. If no nonbinary tensor-prime signature remains, the
arity-at-most-two alternative gives tractability and no further update is made.

Lemma 5.6 (Termination of the strict updates). Fiz the number field Ly in Lemma 2.22. There is
no infinite sequence
(Ho, ), (H1,v1), ...

such that every H; is a finite subgroup of PGLa(Lg), every v; is an integer at least three, and every
update satisfies
H; C Hiy, Vit1 < v,

with at least one of these two inequalities strict. In the height-one construction these quantities are
H; = [A]7'G(I)[Ad), v; = min{arity(f) : f € I'; is tensor-prime and arity(f) > 3}.

If the second set is empty, the arity-at-most-two case is tractable and no further strict update is
made. This assertion concerns only the transitions represented by the displayed pairs; operations
preserving both H; and v; are handled by the finite recursive extension of Lemma 5.8.

Proof. Write § = [Lg : Q]. If [T] € PGL2(Lo) has projective order m, the ratio of the two eigenvalues
of T is a primitive m-th root of unity (,,. The eigenvalues lie in an extension of Lg of degree at
most two, whence

o(m) = [Q(¢m) : Q] < [Lo(Cm) : Q] < 26.

There are therefore only finitely many possible projective element orders; let My be their maximum.
By Proposition 2.1, every finite subgroup of PGLy(Lg) has order at most

Co = max{2My, 60}.
For a sequence in the statement, define

D, = (Cg — ’Hz‘) + (Vz' — 3) S ZZO‘
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The inclusions and inequalities make ®; nonincreasing, and the strict condition decreases it by
at least one at every update. Hence the sequence has at most &y updates. In the application,
Lemma 2.22 places every pulled-back group in PGLy(Ly), equivalent enrichment makes the groups
nested, and Definition 5.5 makes v nonincreasing. Factor closure between updates is finite because
every nontrivial tensor split replaces a signature by positive-arity factors of strictly smaller arity; it
is not part of the displayed measure. O

For either group with odd N, the proof will establish that the single matrix P fixed in Equation (1)

satisfies .
(phEeivfe @ (fed), PXP=2Z€¢2. (16)

These are the simultaneous signature and edge conditions for a common K-presentation in &Z; the
same matrix must handle every member of A.

Theorem 5.7 (The odd-dihedral case). Let (A,G) be a stage of the sequence in Lemma 2.22 at
which G is finite, preprocessed, algebraic, and factor-closed and contains the transported height-one
mountain. Suppose that, after the normalization of Theorem 5.4, every nonzero directly realizable
binary is nonsingular with finite projective transfer order, and G(G) is

Don ={[Rs],[ZRs] : s € un}

for an odd N > 3. Then at least one of the following holds.
1. K-Holant(G) is #P-hard or Tract(KG) holds.
2. There is a later stage (AT,GT) of the same sequence at which G is finite, preprocessed, algebraic,
and factor-closed and still contains the correspondingly transported height-one mountain, such

that
K-Holant(G") =1 K-Holant(G),

every nonzero directly realizable ordered binary over GV is nonsingular with finite projective
transfer order, and either

[A]7'G(9)[A] € [AT]'G(GT)[AT]

or, with both values defined, v(GT) < v(G). In either case the full update conditions of
Definition 5.5 hold.

3. There is an equivalent finite preprocessed algebraic factor-closed set G D G, in the same
coordinates and with the same matriz A, for which the fized Walsh matriz P satisfies

(pheuivNre g (feg™), P'XP=2Z¢ 2.
Hence KG is &2-transformable.

Fix a signature set I' for which G(T') is defined, a subgroup H < G(I'), and one directly realizable
ordered binary By with [BpX] = h for each h € H. We will refer to the following contraction
condition for f € I':

(C) For every ordered pair of distinct ports of f, every chosen By, and both kernel orientations
XBpX and X B;X , the contraction is zero, or all its positive-arity tensor-prime factors are
nonsingular binaries B with [BX] € H.
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Any nullary factors are absorbed into the recorded scalar. A zero contraction is allowed and is not
assigned a projective transfer class. The conditions are in the current K-coordinates; after a Walsh
change of coordinates the group membership is conjugated by P as well. Applications below take
H = G(T'), with the complete group from Equation (15). Before using condition (C), any factor
that gives hardness, tractability, or an update in Definition 5.5 is handled separately. This condition
does not assert that arbitrary gadget outputs have been adjoined.

Lemma 5.8 (Finite recursive contraction and factor extraction). Let (A,T") be a stage of a sequence
satisfying Lemma 2.22, over its fixed number field Lg. Suppose that I is finite, preprocessed, algebraic,
and factor-closed, contains the transported height-one mountain, and every nonzero directly realizable
ordered binary over I' is nonsingular and has finite projective transfer order. Let H = G(I"), and fix
one directly realizable ordered-binary representative of each class in this finite group.

Start with every nonbinary tensor-prime factor currently in I'. For each retained factor f, process
every choice of an ordered pair of distinct ports, a fized representative of a class in H, and either
kernel orientation. Adjoin the resulting nonzero two-port contraction and, through Lemma 2.19, all
of its positive-arity tensor-prime factors; apply the same procedure to each newly retained nonbinary
factor. This finite recursive procedure reaches one of the following outcomes:

1. K-Holant(I") is #P-hard or Tract(KT') holds;

2. there are a matriz AT and a finite preprocessed algebraic factor-closed set I'", continuing
the same coordinate-transport sequence and still containing the correspondingly transported
height-one mountain, with K-Holant(I'") =1 K-Holant(T'), such that every nonzero directly
realizable ordered binary over I'" is nonsingular with finite projective transfer order, and either

[AI7'G(ID)[A] € [AT]7G(rT)[AT]

or, with both values defined, v(I'") < v(T'). The update satisfies Definition 5.5, including the
non-strict comparisons for both quantities;

3. there is a finite preprocessed algebraic factor-closed set T D T, with
K-Holant(I™") =p K-Holant(T'), ~ G(I'**) = H,

for which the coordinate matriz remains A. FEvery indicated two-port contraction has been
processed, every nonbinary tensor-prime factor supplied by factor closure is retained in 't
and every binary factor it produces is nonsingular with transfer class in H. A nonbinary factor
produced from a parent f has arity at most arity(f) — 2.

The third outcome may preserve v; it is erhaustive closure with the same displayed group and
coordinate matriz. It does not require a strict change in either quantity.

Proof. Begin with the finitely many nonbinary tensor-prime factors in I'. For each retained factor,
process its finite set of ordered-port, representative, and orientation choices. For each choice, adjoin
the resulting contraction and all positive-arity tensor-prime factors under Equations (5) and (11).
The transported mountain rules out the common-one-sided factor exception; if a factor theorem
instead proves hardness or tractability, this is outcome 1.

An odd or unary factor is handled by the odd-arity or unary theorem. A singular binary, or
a nonsingular binary whose transfer has infinite projective order, is handled by Lemma 3.1 and
those same theorems. After each augmentation, consider all directly realizable nonzero ordered
binaries. If any is singular or its transfer has infinite projective order, the preceding argument
gives outcome 1. Otherwise the group is defined, and an element outside H strictly enlarges the
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pulled-back group, and a new nonbinary tensor-prime factor of arity below v(I") strictly decreases v.
These give outcome 2, with both comparisons preserved as in Definition 5.5. If neither occurs, retain
all the binary factors and repeat the procedure on each newly retained nonbinary tensor-prime
factor.

There are finitely many initial factors and finitely many choices at each step. Every newly
produced nonbinary factor has arity at most the arity of its parent minus two. The recursive depth
is therefore bounded, so only finitely many factors and contraction choices occur. If neither of the
first two outcomes occurs, processing all these choices gives outcome 3. Every augmentation retains
the transformed mountain and satisfies the fixed-field and scalar conditions of Lemma 2.22. O

5.2 Contractions for the odd cyclic and dihedral groups

The next two lemmas are shared by the odd cyclic and odd dihedral cases. For a signature f € G,
recall that a tilde denotes only its Walsh coordinates

f _ (P—1)® arity(f)f‘

The matrix P is never inserted into a gadget: every contraction below is a native K-gadget, and
every pencil identity is only an analysis of those contractions; no displayed linear combination is
asserted to be realizable.

5.2.1 Contraction kernels and the four-coefficient relation
Fix odd N > 3. With R, as in Theorem 5.4, the actual rotation and reflection classes are
[Rs],  [ZRi],  s€npn. (17)
They have Walsh forms
PR, P = D, := diag(1, 5), P lzp =X, F,:= XDs,.

Fix a direct binary-chain representative of every projective class in Equation (17). Contracting
two ports then gives, up to the recorded nonzero representative scalar, the Walsh kernels

1 0 _ 0 1
KI = <0 —s) , K, = (—s 0) , 5€ un. (18)

The plus kernels occur in both groups; the minus kernels occur only in the dihedral group. Under
port reversal, Dy is fixed, whereas Fj is sent projectively to F,-1. Attaching binary representatives
to the ports adds no kernels because

m2(T) = ZT"Z

preserves {D; : s € un} and {Ds, Fs : s € uny}. Hence Equation (18) lists every oriented kernel
needed below.

Although this subsection otherwise has N odd, the next pencil fact is valid for every integer
N > 3 and will also be used in the even-order cyclic case. For such an N and a,b,c,d € Q, let
Rn(a,b,c,d) mean that, for some o € py, one of the following three systems holds:

c= —aa, d = —ab, (proportional), (19)
b=c=0, d = aa, (diagonal monomial), (20)
a=d=0, c = ab, (anti-diagonal monomial). (21)
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The three systems are not required to be disjoint; in particular, their union contains the all-zero
quadruple.

Lemma 5.9 (Shared cyclic phase pencil, including zeros). For every integer N > 3, the relation
Rn(a,b,c,d) is equivalent to the following condition: for every s € uy,

diag(a — sb,c — sd)Z s zero or is projectively D,, for some n € pun.

Proof. This is [LM26a, Lemma 7.1]. O

5.2.2 Support parity

Lemma 5.10 (Walsh parity from contractions). Let N > 3 be odd, let H = Cn or Doy, and let
f # 0 have positive even arity. At arity two, suppose the Walsh transfer of f belongs to H. At
arity at least four, suppose that every positive-arity prime factor of every monzero contraction of f
using an ordered pair of distinct ports, a chosen representative of H, and either kernel orientation
is supported on one Walsh parity class; in the cyclic case suppose that class is even. Then f 18
supported on one parity class, which is even in the cyclic case.

Proof. At arity two, a Walsh binary is, up to a nonzero scalar, a diagonal or anti-diagonal transfer
times Z, and hence has one parity. Only the diagonal alternative occurs in the cyclic group. At
larger arity, the tensor product of the prime factors of a nonzero contraction has one parity; in the
cyclic case it is even.

At arity four, each K-contraction is zero, diagonal, or anti-diagonal, and every entry is affine
in s. Among three phases, either two contractions vanish, annihilating the pencil, or two nonzero
contractions have the same support parity, which forces the opposite entries to vanish identically.
In the only remaining pattern—one zero, one diagonal, and one anti-diagonal contraction—each
opposite pair acquires two roots, with the same conclusion. Hence every equal-bit slice has one parity.
Two supported words of opposite parity have a coordinate pair equal in both unless their four ordered
coordinate pairs exhaust F3; in the latter case both words have weight two and therefore already
have the same parity, a contradiction. In the former case deleting the repeated pair contradicts slice
parity. In the cyclic case, odd Walsh parity would realize a reflection and is therefore excluded.

For arity at least six, fix distinct ports 4, j. The actual plus contraction is

hs(y) = As(F(00,y) — sf(11,y)),  As#0.

A zero contraction makes all others proportional. Otherwise two phases have the same contraction
parity. Every coordinate in the opposite parity then vanishes at two distinct phases, so its affine
coefficient vanishes identically; the two nonzero phases also recover both endpoint slices with the
common parity.

In the cyclic case, delete two equal coordinates of any supported word and choose a phase other
than the at most one value cancelling its residual coefficient; the resulting contraction is even. In the
dihedral case, two opposite-parity supported words at arity at least six have two coordinates with the
same ordered pair. At most one phase cancels each residual coefficient, so |un| > 3 leaves a phase
preserving both words. Deleting the chosen pair preserves their opposite parities, contradicting the
common slice parity. O

For every f covered by Lemma 5.10, Walsh duality gives the equivalent complement relation in
the native K-coordinates,

f(@) = f(x) or [f(z)=—f(),

with only the plus sign in the cyclic subcase.
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5.3 The odd-dihedral case
5.3.1 Support and coefficients on even blocks

For a finite port set V and C C V, let 1¢ € FY denote the incidence vector of C. For a partition 7
of V into nonempty even blocks, define the subspace

Ly = spang, {1¢ : C € 7}.

Its cosets are precisely the sets obtained by toggling each block as one unit.
The class Pn (V) consists of the zero tensor and all tensors g for which there exist such a
partition 7, an offset a € FY, a scalar ¢ € Q \ {0}, and block ratios rc € (—1)I¢I/2y such that

supp(g) = a + L,

g(a + Z tclc) =c H TtCC ((tc)(j@r € Fg)

Ccern cen

For C' C V, write a|¢ for the restriction of a to C, and a|¢ for its bitwise complement. Equivalently,
with the tensor factors placed on their indicated port sets,

g=c (6a0 +rc<5a|—c).

Cern

Thus, in the variables (t¢), the coefficient function is the product ¢ []~ rtcc. A factor on one block has
the displayed two-point form and the stated ratio restriction. For nonzero g, its support determines
m: the inclusion-minimal nonzero vectors of L, are precisely the block indicators. We omit V' when
clear. The class Py differs from the standard product class & of Section 2.13.1; its even-block and
coefficient-ratio restrictions remain part of its definition.

Lemma 5.11 (Closure of Py under contractions). The class Py is closed under nonzero scalar
multiplication, port permutation, tensor product on disjoint port sets, and, up to the zero tensor,
contraction of two ports against any kernel KE, K7, or its transpose from Equation (18), where
s € un. Consequently, if every positive-arity prime factor of a contraction has Walsh tensor in Py,
then the contraction itself has Walsh tensor in Py .

Proof. For a tensor product, take the disjoint union of the two even-block partitions and concatenate
their offsets and block ratios. Scalars and port permutations merely change the leading coefficient
or relabel that data.

Consider a two-port contraction of a nonzero tensor in Py. If the ports lie in the same block C,
the kernel with the wrong xor gives zero. For the supported xor, delete the two ports. When ports
remain in C', its new block ratio is

—srg or —rg/s,

and therefore belongs to (—1)U¢1=2/2 . If |C| = 2, the block instead contributes a scalar, possibly
zero, which is absorbed into the leading coefficient.
If the ports lie in distinct blocks C, D, the kernel affinely identifies their two block variables.

After complementing one residual offset when needed, replace those blocks by

(C\{7h) U (D\A{G})-

42



Its ratio is one of

—stlrorgl e (—DCHIPI=2)/2), o

All other blocks are unchanged. Transposing K only supplies a nonzero scalar and replaces s by

571, so it is covered as well. Thus every nonzero contraction is again in Py. The last assertion

follows from prime factorization; nullary factors are absorbed into the scalar. O
5.3.2 Four-port support and coefficients
Fix N > 3 and a quaternary signature ¢ in the current set, and put § = (P~1)®%q. When ¢ is
supported on the even Hamming-weight positions in Walsh coordinates, write

p=4qoooos  t=qui1,  Tab = i,y (22)

For every ordering (i, j, k,[) of [4], the equal and mixed phase-contraction matrices are, respec-
tively,

4N [P 87y 0
Hij () = ( 0 Trl — St) ’

N 0 Tj| — STl
Hij(s) = <$jk — STik 0 ) '

Thus condition (C) for the cyclic group and Lemma 5.9 give Ry (p, zij, k1, t). For the dihedral
group, the mixed contraction also gives Ry (g, Tik, Tj1, Tir)-
When ¢ is supported on the odd Hamming-weight positions in Walsh coordinates, write

ui=qler),  vi=q1*@e).
For every such port ordering, condition (C) for the dihedral group gives
RN(uk7Ul7ulavk)a RN(“j?“iavivvj)'

Lemma 5.12 (Shared cyclic quaternary family). Let N > 3, let A be a finite algebraic signature
set in K-coordinates, and, for every s € uy, fix an actual ordered binary representative Cy over A,
in a specified orientation, whose Walsh matriz is

Cys = ksD,Z, ks € Q.

Let g € A be quaternary, and suppose ¢ = (P~1)®4q is supported on the even Hamming-weight posi-
tions in Walsh coordinates. Define p,t, zq, by Equation (22). Assume that, for every complementary
pair, both orders of its two residual ports, and every s € un, contraction with Cs gives either the
zero contraction or a nonsingular binary contraction whose Walsh transfer class belongs to

Cn =A{[Dy] :n € pun}.

Organize the eight coordinates into four complementary pairs. Put By = (p,t) and J =
{{1,2},{1,3},{1,4}}. For I ={a,b} €73, set x; = xqp, put I = [4] \ I, and define the other three
complementary pairs By = (zr,zrc), I € 3. Here Br # (0,0) initially means only that at least one
coefficient is monzero; the conclusion below makes both coefficients nonzero. Then exactly one of the
following holds:
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1. If p,t #0, then A =1t/p € pun, and each pair By is zero or
By = (—p)\ozfl, —pay), ar € uN- (23)
2. If p=1t =0, each pair By is zero or
Br = pr(1,ar), pr #0, o € un.

In particular, exactly one of p,t cannot be nonzero. Conversely, every even Walsh table in these
alternatives satisfies the stated contraction condition under every phase contraction.

Proof. This is [LM26a, Lemma 7.2]. O

Proposition 5.13 (Dihedral quaternary classification). Let N > 3 be odd, and let ¢ € T’ be a
nonzero quaternary satisfying condition (C) with H = G(I') = Dan in the normalized coordinates
above. Put ¢ = (P~1)®4q. Then § € Pn([4]). More precisely, § has one Walsh parity and ezactly
one or two complementary pairs whose coefficient pairs are nonzero. After choosing an orientation,
there is a scalar p € Q \ {0} such that, for one nonzero complementary pair {x,z}, its nonzero
coefficients in the order (qy,qz) are

p(176)7 5€MN) (24)

or, for two nonzero complementary pairs {z,z} and {y,y}, its nonzero coefficients in the order
(azn Ej:?:u qu7 Ejﬂ) are

p(1767 _’77_6771)7 57’7 S HN- (25)

Conversely, every Walsh table in Equations (24) and (25) satisfies the stated contraction condition
under all phase and reflection contractions.

Proof. Equal kernels give a py-ratio on every nonzero complementary pair. If p, ¢t # 0, Equation (23)
puts all nonzero central coefficients in —puy. For two nonzero central coefficient pairs, the 2-by-2
coefficient matrix of the reflected two-port contraction has all four entries nonzero, and its only
possible proportional alternative in Lemma 5.9 requires a ratio in —uy, not puy. The cosets are
disjoint for odd N.

With zero endpoints, three nonzero central coefficient pairs would require three pairwise ratios in
— N, although the product of two lies in pn. Thus at most two complementary pairs have nonzero
coefficients. Applying the same argument to both orientations of the reflected two-port kernels K-
gives the identical conclusion on the odd Hamming-weight positions.

Substitution gives Equations (24) and (25) and proves their converse, including zeros. One block
uses ™ = {[4]}; two blocks form a 2 + 2 partition coset with ratios —v, =6y~ € —u, whose product
is 0. Thus both parities lie in Py ([4]), with odd parity absorbed by the coset offset.

A one-block tensor is a weighted GE. Up to flips and permutation, a two-block support is
{0000,1111,1100,0011}, and Equation (25) gives

G20z = Qydy;

for the two complementary pairs {z,z} and {y,y} in the support. Hence it is a product of two
nonsingular weighted equality /disequality binaries. Thus ¢ € &, as required by Equation (16). [
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5.3.3 Products of binaries and the six-port case

Write By (V) € Pn (V) for zero together with the tensors whose partition consists entirely of pairs.
Every nonzero member is a product of nonsingular Walsh equality /disequality binaries, with ratio in
—un on each pair. For the resulting perfect matching M, its support is a+ Ly, is complement-closed,
and has cardinality 2/V!/2. The contraction formulas in Lemma 5.11 show that By is itself closed
under all residual-group contractions: joining different pairs makes one pair, and closing a pair gives
a scalar.

Theorem 5.14 (Six-port factorization from contractions). Let N > 3 be odd. If every nonzero
oriented phase or reflection contraction of an arity-siz signature f has Walsh tensor in By ([4]),
then f =0 or f is a tensor product of three nonsingular binaries.

Proof. Suppose f # 0, and write F' = f. By Lemma 5.10, F has one parity. Fix a port pair and
fix z; ® z; = &, with the two corresponding slices A, B, so the normalized actual contractions are
gs = A — sB. Put U = supp(A) Usupp(B). Each nonzero coordinate remains nonzero at at least
N — 1 phases, while every nonzero contraction has four support points. Thus

(N — 1)|U]| < 4N.

Moreover U = J, supp(gs) is complement-closed. For N > 5 it is therefore empty or consists of at
most two complement pairs. For N = 3, the same conclusion is exactly Theorem A.3(i). Part (ii) of
that theorem now applies for every odd N: the support of F' is a partition coset of type (6), (4 + 2),
or (2+ 2+ 2), or belongs to the orbit of

S, = {000000, 000011, 001100,110011,111100,111111}. (26)

Here and below, bit relabelings describe support coordinates only. They permute the available
xor kernels projectively, with possible phase inversion, so all contraction arguments cover the full
indicated orbits.

A (6) support has a supported-xor contraction with exactly two nonzero entries, each with a
unique lift. This contradicts the four-point support required by By ([4]). On a (4 4 2) support, use
block variables and denote the four nonzero coefficients by c¢,,,. Closing the binary block gives, after
normalizing its orientation,

(coo — sco1)d0000 + (€10 — S€11)01111-

At most two phases are forbidden by cancellation; since N > 3, some contraction again has exactly
two nonzero entries. No tensor factorization of the original four coefficients was assumed. On S,
contract ports 3,5 with KI'. Only the two endpoints have equal bits there, giving

Fo0000060000 — $F11111101111,

again with two nonzero entries and unique lifts.

Only the (2 + 2 4 2) support remains. Its eight coefficients ¢y, are nonzero. Closing any
one of its binary blocks leaves a 2-by-2 table whose determinant vanishes at every s € un: a
nonzero contraction has the same four-point matching support, and a zero contraction also has zero
determinant. For example,

det (eypo — scm,l)w%R =0.
This polynomial has degree at most two and at least three roots. Its constant and quadratic
coeflicients show that the two endpoint faces have rank one. Doing this for all three axes makes every
axis face minor zero. Since all eight entries are nonzero, the ratios along each axis are independent
of the other two bits, so cyyw = crjryry’. This is the required three-binary factorization, which pulls
back through the analytic Walsh change of coordinates. O
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5.3.4 Matching pencils

Lemma 5.15 (Three matching products on a line). Let three pairwise nonproportional tensor
products of nonsingular diagonal or anti-diagonal binaries on the same m ports satisfy a linear
relation with all coefficients nonzero. Either their supports coincide and the three tensors lie in one
Segre ruling, or their matchings differ only on four ports, where the three different pairings occur.
In the latter case all binary factors outside those four ports are common up to nonzero scalars.

Proof. Let the supports be Sy, S1, S2, matching cosets of dimension m /2. No point can belong to just
one support. If two supports coincide, the third is contained in them and has the same cardinality,
so all coincide. On their common block coordinates, every matrix flattening minor has degree at
most two along the line. Three rank-one points make these minors vanish identically. A line of
simple tensors varies in at most one factor: if two factors of two of its points were nonproportional,
flattening across one of them would give rank two at a generic third point. This is one Segre ruling.

Otherwise each .5; is the union of its intersections with the other two supports. Two proper affine
subspaces cover an affine space only when they are disjoint parallel hyperplanes: each has at most
half its points, so both must attain that bound. Thus the pairwise intersections are hyperplanes
and the triple intersection is empty. The union of two perfect matchings is a disjoint union of
alternating even cycles, counting a common edge as a two-cycle. If there are k = m/2 edges and b
components, their common direction code has dimension b. Here b = k—1, so exactly one component
is a four-cycle and all other edges coincide. The offsets on those common edges agree because the
supports intersect. After removing their free binary coordinates, Sy is the four-point symmetric
difference of the other two local supports; its matching is the third pairing on the same four ports.
Finally, on each pairwise intersection only two tensors contribute to the dependence. Fixing one
four-port assignment with nonzero coefficient leaves the full external matching cube, on which their
products are proportional. Uniqueness of the factors on disjoint pairs gives the asserted common
factors. O

Proposition 5.16 (Phase-independent matching and common factors). Let N > 3 be odd, and let f
have even arity n > 8. Suppose every nonzero result of one or more successive two-port contractions
using the kernels in Equation (18) has Walsh tensor in By . Then each two-port pencil can be written
as qs = H ® hy, where H is a fized product of nonsingular binaries on disjoint pairs and hs is a
binary tensor on one fized remaining port pair. Zero members and proportional pencils are included.

Proof. Write a pencil as ¢gs = A — sB. A zero member makes all other members proportional, which
settles that case. If the pencil is not projectively constant, any three distinct phases give a linear
dependence with all three coefficients nonzero, so Lemma 5.15 applies to these members of By.
In its common-support case, the quadratic flattening minors vanish identically, giving the fixed
matching ruling for the whole pencil.

In the second case of Lemma 5.15, the matchings differ on four ports and all other binary factors
are common. Close every such common pair, on the original gadget, with its supported-xor kernel
at phase 1. For a binary ratio r € —up, this gives a nonzero multiple of 1 — r, nonzero because N
is odd. These operations multiply the three contractions by the same nonzero scalar. At least one
pair is closed since n > 8. Before closing the original pencil ports, the resulting six-port tensor is
a nonzero result of contractions of f, hence is itself a binary matching product. Its contractions
cannot have three different matchings: closing ports of a fixed matching deletes an edge or merges
two edges, independently of the phase. This contradiction proves that the matching is independent
of phase. O
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5.3.5 A common binary factor suffices

Lemma 5.17 (A binary factor from contractions). Under the hypotheses of Proposition 5.16, every
nonzero f is tensor-decomposable.

Proof. Put F = f, fix ports 4, j, and for each £ € {0, 1} consider the restriction to z; ®x; = £, viewed
as an n-ary tensor that is zero outside that constraint. Its two slices are A = Fi(;’g, B = Fi;’l_g.
Exactly one of A, B cannot be nonzero. Indeed, if A # 0 and B = 0, take a supported word of
A, close any two external ports with its supported xor, and choose a phase avoiding cancellation
of the projected word. The resulting nonzero contraction has complement-closed support. Its
complementary word would require an assignment in B, a contradiction. The case A =0, B # 0 is
identical.

For each nonzero restriction, Proposition 5.16 writes the pencil as H ® h,, where H is a fixed
product of external binaries and

hs = (a — sb)de + (¢ — sd)de

on one external pair. Projectively constant pencils are included by choosing any pair. Every nonzero
hs has ratio in —uy, so Lemma 5.9 applies. Restoring the ports ¢, 7, its proportional alternative
gives a binary block {i,j}; either monomial alternative gives one four-port GE block containing i, j.
All other blocks are nonsingular binaries. Both slices A, B are nonzero, so the restored block has
both coefficients nonzero. This is a factorization in Walsh coordinates of the restriction; it does not
assert that either this restriction or either slice is realizable by a gadget.

If only one of the two restrictions is nonzero, this factorization of F' already has an external
binary factor, since n > 8. Otherwise denote the restrictions for £ = 0,1 by U, V. We use the
following observation repeatedly. Close an external pair with an xor supported by both restrictions,
and choose a phase at which both resulting contractions are nonzero. Such a phase exists: a
contraction of either displayed block product with a supported xor has unique lifts, except when
an entire binary block is closed, in which case only one phase can cancel its scalar. The nonzero
contraction G is a binary matching product with both ij xors present. Its two ij-xor restrictions
have:

(O1) the same four-port block containing i, j;
(O2) the same external matching and the same offset on each external pair;

(O3) proportional full binary factors on each external pair, including equality of their ordered
coefficient ratios.

Indeed, i, j belong to different matching edges in G. Either xor restriction joins those edges into
one four-port block and leaves every other binary factor unchanged. In particular, this observation
identifies coefficients as well as supports.

First, neither U nor V can have {i,j} as a binary block. If U did, close ports in two distinct
external binary blocks of U. Both xors occur in U, so one is also supported by V. The observation
would require a four-port block through i, j, whereas this contraction leaves their binary block
unchanged.

Write the four-port blocks of U,V as K = {i,j,a,b}, L = {i, j,c,d}. Close a,b with its fixed xor
in U. That restriction now has {i,j} as a binary block, so the observation implies that V' does not
support this xor. Therefore a, b lie in the same block of V', with the opposite xor. Either L = K,
or {a,b} is an external binary block of V. By symmetry, in the latter case {c,d} is an external
binary block of U, and the two pairs are disjoint. Choose a port e outside {i, j, a, b, c,d}, possible
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since n > 8, and close a, e. Both restrictions have unique lifts for either xor. The four-port block
through i, 7 in the contracted U contains b, whereas that in the contracted V' remains {3, j, c,d}.
This contradicts the observation. Thus K = L.

Let My, My be the external matchings on E = [n] \ K. For e € E, closing a, e makes the
four-port block through i, j equal to {i,7,b, My(e)} in one restriction and {i,j,b, My (e)} in the
other. The observation gives My (e) = My (e), so the external matchings coincide. There are at
least two external pairs. For any one of them, R, choose e on another pair and close a, e. The pair R
remains external. The observation now identifies its full binary factor in the two restrictions, hence
in U,V since the contraction avoids R. Therefore U 4+ V = F' has this common factor. Invertible
Walsh coordinates preserve tensor factorization, proving the lemma. O

Proof of Theorem 5.7. Apply Lemma 5.8. Its first two outcomes are the first two conclusions of
the theorem. In outcome 3, work in the equivalent set I' = G5, with the same matrix and group.
If a nonbinary prime remains, choose one, f, of minimum arity n. Odd and unary factors have
already been handled by their respective complexity theorems. Every positive-arity prime factor of
a two-port contraction of f has smaller arity, and hence is binary by minimality. Its transfer is in
Do, so every nonzero two-port contraction is in By in Walsh coordinates. Closure of By gives the
same assertion for all further contractions involving at least one port pair.

If n = 4, Proposition 5.13 gives either a four-port generalized equality, to which Lemma 3.15
applies, or a product of two binaries, contradicting primeness. If n = 6, Theorem 5.14 contradicts
primeness. If n > 8, Lemma 5.17 gives the same contradiction. Thus either hardness or tractability
has been proved, or every tensor-prime in I' is binary. In the latter case one Walsh basis puts
all signatures in &, and PTXP = 27 € 2, giving outcome 3 and the stated common K-
presentation. ]

5.4 The odd-cyclic case

Theorem 5.18 (The odd-cyclic case). Let (A,G) be a stage of the sequence in Lemma 2.22 at
which G is finite, preprocessed, algebraic, and factor-closed and contains the transported height-one
mountain. Let N > 3 be odd, and suppose every nonzero directly realizable binary is nonsingular
with finite projective transfer order, and

P7IG(G)P = Oy = {[diag(1,s)] : s € un}.
Then at least one of the following holds.
1. K-Holant(G) is #P-hard or Tract(KG) holds.

2. There is a later stage (AT,GT) of the same sequence at which G is finite, preprocessed, algebraic,
and factor-closed and still contains the correspondingly transported height-one mountain, such
that

K-Holant(G") =1 K-Holant(G),

every nonzero directly realizable ordered binary over GV is nonsingular with finite projective
transfer order, and either

[A]7'G(G)[A] € [AT]TIG(GT)[AT]

or, with both values defined, v(G') < v(G). In either case the full update conditions of
Definition 5.5 hold.
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3. There is an equivalent finite preprocessed algebraic factor-closed set G** D G, in the same
coordinates and with the same matriz A, for which the fized Walsh matriz P satisfies

(pheefe » (feg™), PTXP=2Z¢ 2.

Hence KG is &-transformable.

5.4.1 Phase-independent matching

Throughout this odd-cyclic proof, f denotes the fixed Walsh coordinates, and P~'G(I')P = Oy =
{[Ds] : s € un}, with one direct representative fixed for each class and N > 3 odd.

For the conditional analysis below, work in outcome 3 of Lemma 5.8, retaining its finite,
preprocessed, algebraic, factor-closed set I', the matrix A, and the transported height-one mountain.
Odd-arity tensor-prime signatures have already been handled by Theorem 2.13. Choose a nonbinary
tensor-prime f € I' of minimum arity n, which is even. Attaching the chosen binary representative to
distinct ports 4, j and closing through the native edges gives, up to a known nonzero representative
scalar, the Walsh kernel

Ks = diag(1, —s), 5 € IN-

After dividing out that recorded scalar, the contraction has Walsh coefficients

Cijs(y) = Aly) —sB(y),  Aly) = f(00,y), B(y)= f(11,y). (27)

By Lemma 5.8(3), each indicated nonzero contraction and all its positive-arity tensor-prime factors
belong to I'. A nonbinary factor would have arity at most n — 2, contradicting minimality. Every
binary factor is nonsingular and its Walsh transfer class belongs to Cy. Thus condition (C) holds
for f; each nonzero contraction is a product of such binaries on a perfect matching. A transfer Dy
has Walsh tensor

D.7Z = diag(1, —t).

For a perfect matching M of the residual ports, put
Ey={ye F[Qn]\{i’j} : Yo = yp for every {a,b} € M}. (28)

Every nonzero contraction has support Eys, with a nowhere-zero rank-one table on the matching
variables. By Lemma 5.10, f has even Walsh parity.

Lemma 5.19 (Phase-independent matching). Let N > 3 be odd, and let f € T' be a nonbinary tensor-
prime signature of minimum arity under the assumptions of this subsection, including condition (C)
with P'G(I")P = Cy. Define Ci;s and Ey by Equations (27) and (28). For each pair i,j, either
every contraction vanishes, or Cyjs = 0 for at most one phase s € uy and there is a fixed perfect
matching M;; such that

Cijs 70 = supp(Cijs) = En,; (5 € pn).
This includes the boundary case N = 3.

Proof. If A — sB and A — tB vanish at distinct phases, then A = B = 0, so the first alternative
holds. Otherwise at most one phase gives a zero contraction. Any two distinct nonzero contractions
satisfy

supp(A4) U supp(B) = supp(A — sB) Usupp(A — tB), (29)
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because a scalar affine polynomial cannot vanish at two phases unless both coefficients vanish.

If no contraction vanishes, choose three phases. By Equation (29), the third matching code lies
in the union of the first two. A vector space contained in U U V lies in one of them (otherwise sum
vectors from its two exclusive parts), and all matching codes have the same dimension. Thus the
third code equals one of the first two. Two phases with one code and a third with another would
make a word in the latter difference vanish at two phases, contradicting the affine-pencil identity.
Hence all codes coincide.

If A— soB =0, then every other contraction is (sp — s)B, and the conclusion is immediate. [

5.4.2 Pairs with every phase contraction zero

Define
Z;yc = {{i,j}: Cijs = 0 for every s € un}.

Two phases in Equation (27) show that an edge is exactly the support equation

fl2) #0 = ax;+z;=1

It follows that every connected component of Z;iyc is complete bipartite. An odd path forces unequal
endpoint bits and hence supplies the corresponding edge; an even path forces equal bits and cannot
also be a zero edge.

Lemma 5.20 (Every port pair has a nonzero phase contraction above arity four). Under the
assumptions of Lemma 5.19, if arity(f) =n > 6, then

Z]iyc =g.

Proof. Each color class has size at most two: if one contained p, g, and the other b, a nonzero
contraction on the nonzero pair p,q would have an all-zero residual coefficient while retaining the
forced disequality r # b, impossible for a nonsingular matching product.

An isolated {1} U {2} is impossible. For every k > 3, the all-zero word of a nonzero (1, k)-
contraction has the unique lift x; = z; = 1, whence

fler+ex) #0 (k=3,...,n).

A nonzero (2, 3)-contraction then has each e; + ey, k > 4, by the unique lift 29 = 23 = 0. Its support
matching would contain every {1, k}, impossible.

Thus only 2+ 1 and 2 + 2 remain. Label the size-two color {1, 3} and the other {2} or {2,4}. In
a (1,3) contraction the forced equations give the unique lift

x1:x3:1—x2.

Put

h(anY) = f(l - x?ax%l - x?aY):
where y denotes the remaining coordinates; in the 2 4+ 2 case, also impose the support equation
x4 = x9. Then
Ci3,s(r2,y) = us(x2)h(z2,y), us(0) = —s, wug(l) =1.

Every contraction is nonzero and equals a nowhere-zero unary ugs times h. Dividing analytically by
ug only modifies the matching factor incident with port 2, so h factors over that matching. Reversing
the unique lift gives a four-port GE factor on {1,2,3,4} in the 2 + 2 case, or on {1,2,3,k} in the
2 + 1 case, tensor the remaining binaries. For n > 6 this contradicts tensor-primeness. O
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5.4.3 Weight-two coefficients and the arity bound

Lemma 5.21 (Rank-one diagonal restrictions). Let r > 3, and let h : Fy, — C* have full support
and h(0) = 1. Suppose that, for every i # j, the restriction hly,—;, viewed as a function of the
common bit and the other r — 2 bits, has tensor rank one. If r > 4, then

wt = T1r (o #0)

If r = 3, there are p1, p2, p3, k # 0 such that
h(ei) = pi,  hlei+e5) =kpipj,  h(111) = Kp1p2ps. (30)
Proof. This is [LM26a, Lemma 7.8]. O

Theorem 5.22 (The minimum nonbinary arity is four in the cyclic case). Let I' be a finite
preprocessed algebraic factor-closed signature set containing the transported height-one mountain.
Suppose every nonzero directly realizable binary is nonsingular and has finite projective transfer
order, and, in the fitred Walsh coordinates,

PGP = Oy = {[diag(1,5)] : s € un}, N > 3 odd.

Let f € T be an even-arity nonbinary tensor-prime signature of minimum arity among the nonbinary
tensor-prime signatures in I'. For every ordered pair of distinct ports of f, every fixed direct
representative of a class in G(I'), and either kernel orientation, assume that the resulting two-port
contraction is zero or all of its positive-arity tensor-prime factors are monsingular binaries B
satisfying

[P~Y(BX)P] € Cy.

Then arity(f) < 4, and hence arity(f) = 4.

Proof. The contraction hypothesis is condition (C) for the stated group, so the two preceding
lemmas apply. Assume that f has arity n > 6. By Lemma 5.20, every pair has a nonzero phase
contraction. For S C [n], write ag = f(lg). We abbreviate a;,..i, = ag, i1
Step 1: the constant coefficient is nonzero. If ag = 0, the all-zero coefficient Cj;(0) = —sa;; of
a nonzero matching contraction forces a;; # 0 for every pair. Hence all contractions are nonzero.
For disjoint pairs ij, pq,
Cijs(ep + €q) = apg — SQijpq

is nonzero at some phase. The common matching from Lemma 5.19 would therefore contain every
edge on its at least four residual ports, impossible. Normalize henceforth agz = 1, and put

Wy = Hp,a} : apg # 0}

Step 2: a nonempty Wy factors f. For deleted ¢, and a disjoint edge pqg € Wy, the coefficients
1 —sa;j and apq — sa;jpe exclude at most one phase each. Thus some contraction contains e, + ¢4, and
its common support matching contains pg. Deleting two ports outside any two adjacent Wy-edges
would put both edges in one matching, so Wy is a matching.

Moreover, every pg € Wy is a global equality constraint. Indeed, if some supported z had z, # 24,
choose equal coordinates 4, j outside p, q, possible by even parity and n > 6. The residual word
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violates the pg-edge in every nonzero (i, j)-contraction and therefore vanishes at all phases. Two
phases of Equation (27) then make both lifts vanish, including z. Consequently

pg e Wy = supp(f) C {z: 2, = 24} (31)

Fix By = {u,v} € Wy and R = [n] \ E1. In an (u, k)-contraction, the all-zero word has the
unique lift z, =z} = x, = 0; hence, for p,q € R\ {k}, its coefficient at e, + ¢, is exactly apq. Its
matching therefore consists of the Wy-edges on R\ {k} and one edge incident with v. Since that
last edge cannot cover all n — 2 > 4 ports, the induced matching on R is nonempty. Choose k on
one of its edges, with partner ¢. In the (u, k)-contraction, ¢ has no incident W-edge left, so it must
be the partner of v. Any vertex unmatched in Wy|r would also have to be matched to v, which is
impossible. Thus Wy = {E1, ..., E,} is perfect, where r = n/2.

Equation (31) identifies f with a coefficient function h(ty,...,¢,) on the common bits of the
E}’s. Contracting one port from F; and one from E; imposes t; = t;, and the remaining partners
determine the deleted bits uniquely. The contraction is nonzero since its all-zero coefficient is one.
Its support is contained in the matching code obtained by merging E;, E;. Both this code and the
contraction’s matching support have 2"~! points, so they coincide. Removing the nowhere-zero
unary phase on the merged variable therefore gives a full-support rank-one diagonal slice of h. Every
assignment in FY, has two equal coordinates, so these restrictions cover I}, and h has full support.
After h(0) = 1, Lemma 5.21 factors h when r > 4. If r = 3, use Equation (30). Let H;(s) be the
two-bit coefficient function obtained by closing E; at phase s. For {i,j,k} = [3],

det H;(s) = pjpr(rk — 1)(1 — xs?p3?).

If k # 1, the contraction is nonzero and hence rank one for every phase, whereas s — s permutes
the odd-order group uy; the last factor cannot vanish at two phases. Thus x = 1, and the six-port
table also factors. Both cases contradict tensor-primeness.

Step 3: an empty Wy is impossible. Fix 7, j. Every contraction now has constant coefficient one
and is nonzero. Choose two edges e, €’ of its common residual matching. Full matching support
gives ay; jyueafijyuer 7 0, while its two-bit rank-one identity is

2
Qeve’ — SAL; jlueue’ = 5 AL 5 uel{4,j}Ue’ (S € MN)'

This nonzero quadratic cannot vanish at the N > 3 distinct phases. The contradiction completes
the proof. 0

5.4.4 The quaternary cyclic case

We now treat arity four without assuming that the quaternary is a mountain. The following lemma
gives the output obtained by attaching binary representatives to the four ports.

Lemma 5.23 (Attaching cyclic binary representatives to four ports). Let N > 3, let A be a
finite algebraic signature set in K-coordinates, and, for every s € un, fir an actual ordered binary
representative Cs over A, in a specified orientation, whose Walsh matriz is

CN'S = ksDsZ, Ks € @X.

Let g € A be quaternary. For ri,ra,r3,74 € un, attach Cy, to port i of q through one native X -edge
and leave the other port of each representative exposed. After division by the recorded nonzero scalar
24 H?:l Kr;, the resulting actual output h satisfies

N 4
_ o~ i
hy—qy”ri.
i=1
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Consider the map

4
(r1,72,73,74) = (R, 712,713, 714), R=][r, r=]]r:
i=1 icl

Write (un)? := {2%: 2 € un}. A target (R,u,v,w) € u} occurs ezactly when

= € (un)* (32)

For odd N, this map is bijective.
Proof. This is [LM26a, Lemma 7.3]. O

Theorem 5.24 (The quaternary odd-cyclic case). Let I" be a finite preprocessed algebraic factor-
closed signature set containing the transported height-one mountain. Suppose every nonzero directly
realizable ordered binary is nonsingular and has finite projective transfer order, and, in the fixed
Walsh coordinates,

PGP = Oy = {[diag(1,5)] : s € un}, N > 3 odd.

Let 0 # q € T be quaternary. For every ordered pair of distinct ports of q, every fixed direct
representative of a class in G(I'), and either kernel orientation, assume that the resulting two-port
contraction is zero or all of its positive-arity tensor-prime factors are nonsingular binaries B with

[P~Y(BX)P] € Cy.

Then at least one of the following holds.
1. K-Holant(I") is #P-hard or Tract(KT') holds.

2. Up to a permutation of its ports,
qg=a®b,

where a,b are nonzero positive-arity signatures of arity strictly below four, and

K-Holant(T', a, b) <t K-Holant(T").
Proof. The stated contractions satisfy condition (C) for the cyclic group. In the Walsh tensor ¢, put

P = 40000, t=qii, xr=q, (Il=2).

For each such I, put By = (zy,zjc), so Bre has the same two coefficients in reverse order. By
Lemma 5.10, q is even; the shared family Lemma 5.12 excludes exactly one nonzero Walsh end-
point. Suppose first that p,t # 0, and put A = t/p. For each By # (0,0), it gives (x,xc) =
(—p)\al_l, —pag). For each zero pair choose ay € puy arbitrarily, using one index from each comple-
mentary pair as in Lemma 5.12. By Lemma 5.23, prescribe R = A™! and r; = a;A\~!. Let h be the
normalized representative of the gadget output, obtained by division by the recorded nonzero gadget
scalar. Its Walsh coefficient array h has endpoints (p,p), value (—p, —p) on each complementary
pair with By # (0,0), and zero on every pair with By = (0,0).

Here the eight even-parity Walsh positions form the endpoint pair and three central pairs
{17,11c}, where |I| = 2. In the inverse Walsh formula of Equation (1), a pair {y,y} with common
coefficient b contributes

b((=1)"Y + (=1)").
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This vanishes when wt(x) is odd. At either endpoint all signs are positive. At x = 1, |J| = 2,
the endpoint pair and the pair {1, 1} have positive signs, and the other two central pairs have
negative signs. Thus, if exactly k of the three pairs B are nonzero,

h(0%) = h(1%) = 2p(1 — k),

w1y = {220 =1, By £ (0,0,
7 ok +1), it By = (0,0).

This computes the K-coordinate entries of the same normalized output; Fourier inversion is not an
additional gadget operation. Thus k = 1 gives a nonzero multiple of X ® X, up to a port permutation,
whose factorization pulls back through the invertible binary attachments just constructed. For
k = 0, the original Walsh tensor is already a higher-arity GE, so Lemma 3.15 gives outcome 1. For
k = 2,3, the output in native coordinates is even and has two nonzero endpoints. Adjoin this actual
quaternary and apply Corollary 2.25. Its conclusion transfers to I' by the gadget reduction and
downward inheritance, again giving outcome 1.

It remains that p =t = 0. If just one complementary pair has nonzero coefficients, Lemma 3.15
gives outcome 1 directly; no reflection is needed. Otherwise label the three complementary pairs
{11,, 11;}, ¢ =1,2,3. Write each nonzero pair By as p;(1, as), choose the unique 8; € puy with
% = ay; for a zero pair choose By € uy arbitrarily. Apply Lemma 5.23 with R = 1,77 = 3.
Again divide the actual output by its recorded nonzero gadget scalar and denote the normalized
tensor by h. Its nonzero Walsh coefficient pairs become (o7, 07), where o5 = prfr; set oy = 0 when
Br = (0,0), and write o, = oy,. These attachments again give an invertible operation on each port.
Put ¢ = 01 + 02 4+ 03. The same sign calculation, now with zero Walsh endpoints, gives

h(0%) = h(1%) = 2¢,
h(1y,) = h(l) =220, —¢c)  ((=1,2,3),

and all odd-weight entries vanish. If ¢ # 0, this is a complement-symmetric mountain; after division
by 2¢, its endpoints are one and its three central coefficient-pair values are

re = 20y/c — 1, 14+ri+re+r3=1+2c/c—3=0.

Up to the recorded nonzero scalar, this mountain is the output of invertible binary attachments to
q, so it may be adjoined by Equation (5). It is endpoint-nondegenerate, and Corollary 2.25 makes
the enlarged problem either tractable or #P-hard. Downward inheritance in the first case and the
gadget reduction in the second transfer that conclusion to I', giving outcome 1.

Assume ¢ = 0. Exactly one nonzero pair is impossible. Two nonzero Walsh pairs have values
o, —o; after permuting ports, I factors as

0 1)y (01
7121 0 ~10)
14 23

so the factor-reduction equivalence applies. Finally suppose that all three o; are nonzero. Choose
distinct i, 5, k with {3, j,k} = {1,2,3} and 0']2» + 0f # 0, which exists since otherwise subtraction
would give 20i2 = 0. Put pair 7 at 12 | 34, and join ports 3,4 of one copy to ports 1,2 of another by
native edges. The actual output is

o? 0 0 0
1@‘ |0 —(sz +02)  —20j0% 0
47" |o 2040,  —(07+07) 0
0 0 0 o?
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If every phase contraction of G; were zero or had transfer class in Cy in Walsh coordinates, its
equal nonzero endpoints and Lemma 5.12 would give A = 1; complement symmetry and odd N then
force every nonzero central coefficient to be —012. In particular,

o3 +ojp = 07 = (05 + ok)*,

because o; = —(0; + 0y), contradicting ojor, # 0. Hence an actual phase contraction of G; is a
nonzero binary which is singular or has Walsh transfer class outside Cy. A singular binary gives
unary factors and the odd-arity theorem; a nonsingular binary of infinite projective transfer order is
handled by Lemma 3.1. Otherwise its transfer has finite projective order, contradicting the definition
of G(I'). Every hardness or tractability conclusion above gives outcome 1 through the cited theorem
and the equivalent-enlargement reduction. In a factor case, the attached binaries act invertibly, so
the displayed factorization pulls back to ¢; the transported mountain excludes the common-one-sided
exception, and the factor-reduction equivalence gives the reduction in outcome 2. O

Completion of Theorem 5.18. Apply Lemma 5.8. Its first two outcomes are the first two conclusions
of the theorem. In outcome 3, the listed two-port contractions and all their positive-arity tensor-
prime factors are retained in the equivalent set supplied by outcome 3. Other fixed gadget outputs
and any required factors are adjoined separately by Equation (5) and Theorem 2.14, as in the
quaternary closure proof. If a nonbinary prime remains, choose one of minimum arity. The argument
preceding Lemma 5.19 proves condition (C) for this signature. Theorem 5.22 bounds its arity
by four, and Theorem 5.24 then gives hardness, tractability, or a tensor factorization. The last
possibility contradicts the choice of a tensor-prime signature, so outcome 1 holds.

In the remaining case every tensor-prime signature is binary. By Lemma 5.8(3), each has transfer
class in G(I") and Walsh tensor proportional to D,Z. Hence Equation (16) holds, which proves the
third conclusion of Theorem 5.18. O

Theorem 5.25 (Hardness, tractability, or a strict update). Let T'g be the initial signature set, and
let (A,T") be a stage of the sequence in Lemma 2.22; in particular,

AToCT,  ATXA=psX (ua#0),  K-Holant(I') =1 K-Holant(Ig).

Suppose T is finite, preprocessed, algebraic, and factor-closed, and contains the height-one mountain

B = <CO u), 0061750.

v C

Then one of the following occurs:
1. K-Holant(I") is #P-hard, or Tract(KT') holds;

2. there are At € GO(X) and a finite preprocessed algebraic factor-closed set T, continwing the
same coordinate-transport sequence, such that

AtTy C T, (ANTXAY = g X (s #0), K-Holant(I'") =1 K-Holant(I"),

and, for D = AT A7, the transported binary DBDT remains in T up to its known nonzero
scalar. In this alternative every nonzero directly realizable ordered binary over both T' and I'T
is nonsingular with finite projective transfer order, so G(T') and G(T'") are defined. Moreover,
either

[AI7'G(D)[A] ¢ [AY]7G(rT)[AT],
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or both values of v are defined and
v(I'T) < v(D).

Both quantities satisfy the non-strict comparisons and fized-field conditions of Definition 5.5.

Proof. Maintain factor closure using the factor-reduction equivalence. Each nontrivial factorization
produces positive-arity factors of strictly smaller arity, so this process terminates. An odd-arity
member is handled by the odd-signature theorem; a rank-one binary supplies unaries and hence the
same conclusion. If no nonbinary tensor-prime signature remains, the arity-at-most-two alternative
gives tractability.

All equivalent augmentations and global transformations satisfy Lemma 2.22. Whenever the
groups are defined, their pullbacks are nested. The old tensor-prime signatures, up to one common
invertible transformation, remain in the set, so v cannot increase. A strict group inclusion or
decrease of v gives outcome 2. An augmentation preserving both quantities is retained with the
same matrix and group; Lemma 5.8 proves separately that the required recursive contraction and
factor extraction is finite.

If B is singular, or if BX is nonsingular of infinite projective order, Lemma 3.1 supplies the
rank-one binary used in the preceding paragraph. The same argument applies to every other directly
realizable binary that is singular or whose nonsingular transfer has infinite projective order. We may
therefore assume that every nonzero directly realizable binary is nonsingular and of finite projective
transfer order. Then Lemma 5.3 and Theorem 5.4 give either a nonsingular weighted equality in the
current set or, after one legal GO(X )-normalization, an odd cyclic or odd dihedral residual form. In
the equality case, write E = diag(p,q) € I', where pq # 0, and choose a diagonal D € GO(X) with
DEDT = I. The resulting legal global normalization satisfies the hypotheses of Theorem 2.23. Its
hard conclusion composes back to I', while its tractable conclusion pulls back through the problem
equivalence and Lemma 2.22; hence this is outcome 1.

Apply Theorems 5.7 and 5.18 in the two residual forms. Their first conclusions give outcome 1,
and their updates satisfy outcome 2 by Definition 5.5. Their remaining conclusions give Equation (16),
which Lemma 2.22 transports back to Tract(KT'). This again gives outcome 1 and completes the
case analysis. O

Proof of Theorem 5.1. Maintain (A, T") and the invariant of Lemma 2.22 over the fixed initial number
field, and apply Theorem 5.25. Its first outcome is the required hardness or tractability conclusion.
The second outcome gives an update satisfying Definition 5.5; by Lemma 5.6, only finitely many
such updates are possible. Between these updates, factor closure terminates by strict arity descent,
and the recursive contractions and factor extraction terminate by Lemma 5.8. Repeated application
therefore reaches the first outcome. Finally, Lemma 2.22 transports the conclusion back to the
initial signature set. O

6 Mountain Height Two

A height-two mountain is a quaternary signature with A/ (0000)M/(1111) # 0 that vanishes on odd
Hamming weight. It is an eight-vertex signature with those nonzero endpoints. If it is tensor-prime,
Theorem 2.24 applies. Otherwise the parity and endpoint conditions force a 2 4+ 2 product of
nonsingular weighted equalities; the factor-reduction equivalence places such an equality in the
current signature set. A legal diagonal GO(X )-normalization then sends it to I. Then Theorem 2.23
closes that case. Both arguments are included in Corollary 2.25.
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Theorem 6.1 (Dichotomy with a height-two mountain). Let I' be a finite algebraic signature set
containing a height-two mountain. Then

Tract(KT) or K-Holant(T") is #P-hard.

Proof. The mountain is an eight-vertex signature with two nonzero endpoints, so apply Corollary 2.25.
Hardness already reduces to K-Holant(I"), while tractability is the predicate required here. O

7 Mountain Height Three

Theorem 7.1 (Height-three mountain dichotomy). Let I" be a finite algebraic set of even-arity
signatures such that x,(x) € 3Z for every arity-r member f € T' and every x € supp(f). Suppose
that T' contains a mountain

M = adgs + bdye + Q, ab # 0, Q EO.
Then Tract(KT') holds or K-Holant(I") is #P-hard.

The aim is to adjoin a quaternary EO signature outside the binary matching-product class.
Then Theorem 3.7 gives the conclusion for the entire signature set. A two-copy construction handles
a matching-product central layer; the other central layers are covered by the six-port loop and
two-copy calculations below.

7.1 Matching Products and Two-Copy Constructions

Let V be an ordered set of even cardinality. For distinct ¢,j € V, write 0;; f for the contraction
with a native X-edge

(955 ) (@i y) = F(O, Ly g y) + F(1,0, 29 g5.53)-
We also write d, when e = {i, j}. Define the matching-product class

0 Puw P is a perfect matching of V,
By(V)=< A : |
X( ) { {“?;EP <QUU 0 >u,v A H{U,U}EP PuvGuu 7é 0

and put BY = By« U {0}. Each factor has a specified orientation; reversing its ports exchanges its
two nonzero entries. In particular, Bors C Bx. An X-matching product is a nonzero scalar multiple
of @.cp Xe. Such binary factors are tensor-prime, so uniqueness of tensor-prime factorization
identifies both their port pairs and their projective values. We abbreviate this uniqueness as UPF.

Lemma 7.2 (A matching-product central layer yields a hard quaternary). Let d > 3, and let T" be
a finite algebraic signature set containing

M = a502d + 561201 + Q, ab # 0,

where, for a perfect matching P = {{u1,v1},...,{uq,vq}} of the ordered ports,

d d
0
Q—A(X)(qk %‘”) . AT pear #0.
k=1 UL,V

k=1
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There is a fized two-copy gadget over {M}, using only native X -edges, whose ordered boundary
signature h is EO and has the siz weight-two entries

(hoo11, Ro1o1, ho110s h1001s P1010, h1100) = (ab, ¢1, ca, ¢3, ca, ab), cicacseq # 0. (WT.18a)

In particular,
K-Holant(I', h) <t K-Holant(T).

The signature h is not a tensor product of two nonsingular anti-diagonal binaries. Moreover, its
supported triples include

1100 @ 1010 @ 0110 = 0000, 0011 ¢ 0101 @ 1001 = 1111.

The first identity rules out the positive sign and the second rules out the negative sign in the support
clause of EOTract. Hence —~EOTract({h}), and Theorem 2.11 makes K-Holant({h}) #P-hard. Since

K-Holant({h}) <t K-Holant(T", h) <t K-Holant(T"),
the problem K-Holant(I") is #P-hard.

Proof. Write the matching of @ as P = {{wg,w1},...,{wsg—2,w2q-1}}. On two copies of the
mountain, define a port bijection p by fixing wg, weg_1 and transposing

(w1, w2), (w3, ws), ..., (Wag—3, Waq—2).

Leave (wq,w1) external on the first copy and (wg, w2) external on the second, in the external order
(wél), wgl), w(()Q), wéQ)). For every r ¢ {0,1}, join the first-copy port w, to the second-copy port p(w)
by one native X-edge. With both copies central, the matching edges and wires form two alternating
components: the edge between the first external pair and a path of length 4d — 3 between the second.
Both lengths are odd, so each weight-one/weight-one boundary pattern has a unique extension and
a nonzero coefficient c¢;.

If both copies use endpoints, the native wires force the two constant words to be complementary.
This gives exactly the other two EO patterns, with unique extensions of value ab. A mixed endpoint—
central extension is impossible: for d > 3, some central matching edge has both ports wired to
the constant copy and is forced equal. Thus each nonzero coefficient in (WT.18a) has exactly one
nonzero extension.

The six-word support excludes membership in Byx. Moreover

1100 © 1010 @ 0110 = 0000, 0011 ¢ 0101 @ 1001 = 1111.

These two supported triples rule out the two common signs in the support clause of EOTract. The
weighted EO dichotomy therefore makes the output hard. By the equivalence convention, the output
may be adjoined to the signature set containing the mountain. O

7.2 Six-Port Loop and Two-Copy Contractions

The finite calculation for both families of contractions is recorded in the appendix; the reduction
uses only its stated conclusion.
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Definition 7.3 (Loop and two-copy contractions of a six-port mountain). Let U = [6], and let

M = adgs + bdy6 + Q, Q=Y aqsbis, ab # 0.
se(y)

For each unordered pair {i,j} € ([2]), let L;; = 0;; M be the four-port EO signature obtained by one
native X-self-loop, with the residual ports in increasing order. For R € (U\{;’j }),

Lij(1Rr) = qrugiy + qrugs)- (Q6.3)

These are the fifteen one-copy contractions.
For a two-copy contraction, choose unordered two-element external sets A, B € ((2]), give them
their canonical increasing orders

A= (ao,al), B = (b07b1>7

and retain the first/second labels of the two copies of M. Put Iy =U \ A and Ip = U \ B, and
choose a bijection 7 : I4 — Ip. Leave A external on the first copy and B external on the second
copy, in the order (ag,a1,bo,b1), and join every r € I4 to w(r) € Ig by a native X-edge. For
z,y € {0,1}2, put

Ay ={ay 1z, =1}, By = {by : y» = 1}.

The resulting four-port EO signature C4 g has, when wt(z) + wt(y) = 2,

CA,B,W(xv y) = ab 1[('%'1 y) € {(007 11)7 (117 OO)H + Z 4A,UT 4B,U(Ig\n(T))" (Q64)
TCIa
|T|=3—wt(x)

There are 152 - 4! = 5400 canonically labelled two-copy contractions. The right-hand side of (Q6.4) is
the coefficient of the complete direct contraction; no individual summand is treated as a separately
realizable signature.

Lemma 7.4 (Support forced by six-port contractions). Let M, L;;, and Ca g be as in Defini-
tion 7.5. Suppose that every one of the fifteen signatures L;; and every one of the 5400 canonically
labelled signatures Ca p . belongs to BY([4]) on its four ordered external ports. Then

supp(Q) C {S,U \ S} for some S € (g) (Q6.5)

This holds for arbitrary complex values of the qs and every ab # 0.

Proof. With t = ab, the signatures L;; and C4 pr in Equations (Q6.3) and (Q6.4) are precisely the
loop and labelled two-copy arrays covered by Theorem A.6. Its conclusion is (Q6.5). ]

Theorem 7.5 (A non-matching quaternary output from a six-port mountain). Let I' be a finite
algebraic signature set containing

M = adgs + bdye + Q, ab # 0, Q EO.
There is a nonzero quaternary EO signature h ¢ By such that
K-Holant(I', h) <t K-Holant(T).

The signature h can be chosen as one of the fifteen one-copy contractions L;;, one of the 5400 labelled
two-copy contractions Ca B from Definition 7.3, or the explicit two-copy output of Lemma 7.2.
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Proof. We select the signature from one contraction L;; or one contraction Cy g when @ ¢ By,
and from the explicit two-copy output of Lemma 7.2 otherwise. If @) = 0, a contraction C'4 g » has
exactly the two endpoint—endpoint coefficients ab, hence support two rather than four; adjoin this
contraction to I

Suppose @ # 0. If a loop or two-copy contraction lies outside B%, adjoin it to I'. Otherwise
Lemma 7.4 gives supp(Q) C {S,U \ S}. Choose i € S and j ¢ S. The two possible nonzero
coefficients of 0;; M have the unique extensions S,U \ S; hence this contraction is nonzero with
support at most two, contradicting its membership in B%.

In particular, if

2
0 pr
Q=X (qr %) ; Apoqop191p2q2 # 0,
r=0

W2r,W2r+1

the case d = 3 of Lemma 7.2 gives the six-word output with one nonzero extension per supported
word (WT.18a), which belongs to I' by Equation (5). O

Proof of Theorem 7.1. Apply zero/nullary preprocessing and assume —Tract(KT'). By Theorem 7.5,
a finite equivalent enlargement contains a nonzero quaternary EO signature h ¢ By. It has charge
zero, so the enlargement preserves the charge hypothesis; it retains the two-sided mountain and
remains nontractable by Lemma 2.20. Since Bars C Bx, Theorem 3.7 proves hardness, which
transfers to the original I'. O

8 Mountain Height at Least Four

Theorem 8.1 (Mountain dichotomy at every height at least four). Let d > 4, and let ' be a finite
algebraic set of even-arity signatures such that

Xr(z) €dZ  (f €T, arity(f) =r, z € supp(f)).
Suppose that I' contains a mountain
M = adgzd + bdq2a + Q, ab # 0, Q EO.
Then Tract(KT') holds or K-Holant(I") is #P-hard.

The common step attaches extracted binary signatures to selected ports so that every self-loop
contraction becomes an X-matching product. A single scalar then makes the central tensor satisfy
ARS. For d > 5, the matching-product reconstruction of Shao and Cai makes Lemma 7.2 applicable.
We prove this general case first. At height four, a classification of the matching family gives the
Reed—Muller central layer. We then normalize the endpoint coefficients and obtain equality by a
Turing reduction.

Remark 8.2 (Relation to the real-valued Holant argument). The port normalization below follows the
contraction and binary-attachment strategy of [SC20, full version, Lemma 8.1]. Their transformed
ambient language satisfies ARS globally. Here the ambient language is complex-valued: charge
conservation makes the self-loop outputs EO, and Theorem 3.7 forces their binary ARS factorization
unless hardness has already been proved. ARS alone implies neither EO support nor this factorization.

We therefore prove the relative normalization and phase recovery in Lemmas 8.5 and 8.6, before
applying the algebraic reconstruction restated in Lemma 8.7. The central layer is not adjoined as a
signature. Hardness comes from our actual mountain gadgets and, at height four, the relative Bell
reduction; it does not require extending the global-ARS hardness arguments to the whole language.
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8.1 Common Normalization and Phase Recovery

For the proof of Theorem 8.1, apply zero/nullary preprocessing and assume —Tract(KT). If Q =0,
Lemma 3.14 already gives hardness. Hence it suffices to consider @) # 0. Every native self-loop on
the complete mountain kills its endpoints:

0 M = 9;Q. (HN.1)

More generally, charge conservation makes every native gadget output of positive arity less than 2d
EO. By Theorem 3.7, any such nonzero output outside Bars gives hardness. Otherwise its factors

are nonsingular binaries
0 z ——x
B(Z)_<Z 0)7 ZGQ,

up to nonzero scalars. These factors may be adjoined using Theorem 2.14: the retained mountain is
two-sided, excluding the common-one-sided exception. We absorb each finite equivalent enlargement
into I' by Equation (5). The extracted binaries have charge zero, and Lemma 2.20 preserves
nontractability.

Attaching the first port of an ordered B(z) to a mountain port through X acts on that port by

T, = B(2)"X = diag(z,2), T.B(z) = |2]*X. (HN.2)

This invertible diagonal map preserves support and both nonzero endpoints. For consistently
oriented factors,

B(z)"XB(w) =X <+= w/z€R* <<= B(w)= B(z). (HN.3)

Indeed the two off-diagonal entries are zw and zw. In this case T,) XT,, is also a nonzero scalar
multiple of X. All these operations use the extracted ordered binaries on the complete mountain.
The conjugate entry in B(z) is already part of that binary; no conjugate mountain is required.

Lemma 8.3 (Vanishing pair contractions). Let h have arity at least three. If O;jh = 0 for every
pair i # j, then h(x) = 0 whenever 0 < wt(x) < arity(h). In particular, an EO signature with all
pair contractions zero s zero.

Proof. This is [CFS20a, Lemma 2.7]; its three-equation argument is purely linear and uses neither
ARS nor nonvanishing contractions. O

Lemma 8.4 (Propagation of X-matching products). Let F' be EO on an even port set V', with
|[V| > 8, and suppose every nonzero O.F lies in Bars. Fither of the following conditions implies
that every 0. F is an X-matching product.

1. Bvery O.F with e N{1,2} = & is an X -matching product.

2. Both 012F and 0;;F are X -matching products, {1,2} N{i,j} = &, and the matching of 0;; F
pairs 1,2 with distinct mates u, v.

The remaining pair contractions are allowed to be zero in the hypotheses.

Proof. Contracting any pair in an X-matching product gives another nonzero X-matching product:
it either removes a matching edge with scalar 2, or splices two edges with scalar 1. Thus, whenever
a deleted pair e is disjoint from a pair r for which 0, F is an X-matching product,

0% 0.0,F = 8,0, F. (HN.4)
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In particular 0. F # 0. A factor whose ports avoid r survives in this double contraction, so UPF
makes it projectively X.

For condition 1, only contractions with e N {1,2} # @ remain. A pair r disjoint from e, with
OrF an X-matching product, first proves nonvanishing. For each binary factor on ports a, b, choose
a pair r avoiding {1,2} Ue U {a,b}. This excludes at most five ports, so such an r exists and 9, F is
an X-matching product. The factor survives in (HN.4), proving condition 1.

For condition 2, put W = V '\ {1,2,4,j}, where u,v € W and [W| > 4. For e € () \ {{u,v}},
nonvanishing follows using the 12-contraction. The ports 1,2 cannot be paired in 9. F: that pair
would survive deletion of 77, whereas deleting e from the X-matching product 0;;F pairs 1,2 only if
e = {u,v}. Consequently write

0 F = C(z1,2,)D(22,25)H.

The 12-double contraction makes H an X-product and the splice of C, D projectively X. By (HN.3),
C = D in these orientations. Both factors cannot be affected by deletion of ij, since this would
splice 1, 2 together, contradicting the other contraction order. A surviving factor is projectively X
by comparison with the X-matching product 9;;F. Hence C, D = X, and the whole contraction is
an X-matching product.

For e = {u,v}, choose two distinct ports r,s € W\ {u,v}. The contractions at the three disjoint
pairs 12,43, s are now X-matching products. The uv-contraction is nonzero by the 12-comparison.
Each of its binary factors avoids at least one of these three pairs, and hence is projectively X by
(HN.4). Thus every J.F with e C W is an X-matching product.

Next let e = {i, k} or {j, k}, with & € W. It is nonzero by the 12-comparison. For a factor on
a,b, use r = 12 if {a, b} avoids 12; otherwise choose

. <W\ (tk} U {a, b}))
i |

At most two ports of W are excluded, so the choice exists. Here r is disjoint from both e and
the factor’s ports, and 0, F is an X-matching product. The factor remains in (HN.4), so it is
proportional to X. Along with the already established X-matching product 9;;F, this covers all
deleted pairs avoiding 12. Condition 1 completes the proof. 0

Lemma 8.5 (Relative port normalization at every arity at least eight). Under the hypotheses of
Theorem 8.1, assume —Tract(KT') and @Q # 0. Then either K-Holant(T") is #P-hard, or a finite
equivalent enlargement of I, still supported on half-charges in dZ, contains an actual mountain

M° = ASgv + Bé;v +F,  |V|=2d, AB#0, 0+#F EO,

such that
— 14
OF =X @ X, A€l e€ . (HN.5)
tePe 2

Here P, is a perfect matching of V '\ e. No nonvanishing assumption is imposed on the original
contractions of Q.

Proof. At every stage retain the complete mountain, adjoin the finitely many contractions or factors
used, and apply Theorem 3.7 again. The charge and nontractability invariants described above
remain valid. Thus every current nonzero contraction is an ARS matching product, or hardness has
already been proved.
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By Lemma 8.3, some contraction of () is nonzero; relabel it as 012Q). Extract its d — 1 binary
factors and extend one end of each, on the complete mountain, by a matching copy as in (HN.2).
The resulting mountain My has nonzero endpoints and central layer Fy, with 012Fy an X-matching
product. For every pair e avoiding 12, 9120, Fy = 0.012Fy # 0. Hence all these contractions are
nonzero.

Suppose first that 1, 2 form a matching edge in every such contraction. Write 9. Fy = Ce (1, 22) He.
The 12-comparison shows that the contraction of C. is nonzero and H, is an X-product. If e, f are
disjoint pairs avoiding 12, their double contraction is nonzero: in the e-order, deletion of f acts
only on the X-product H.. The factor on 12 survives in both orders, so C. = Cy. The graph of
disjoint pairs on V' \ {1, 2} is connected. Indeed, intersecting distinct pairs exclude only three of
its at least six ports, leaving a pair disjoint from both. Thus all C, are projectively one ordered
factor C'. Extract C from one actual contraction and extend port 1 of My by a matching copy.
Every contraction whose deleted pair avoids 12 is now an X-matching product. After reapplying
Theorem 3.7, condition 1 of Lemma 8.4 makes every pair contraction an X-matching product.

Otherwise choose a pair 75 avoiding 12 whose contraction has distinct mates u, v for 1,2, and
write

0ijFo = C(x1,24)D(x2, ) H.

The 12-comparison makes H an X-product and gives C' = D by (HN.3). Extract both factors from
this actual contraction and extend ports 1,2 of My by matching copies. The new ¢j-contraction is
an X-matching product. The effective 12-kernel is TgX Tp = X, so the 12-contraction remains an
X-matching product as well. The diagonal maps preserve the distinct mates of ports 1,2. Reapply
Theorem 3.7 to the current contractions, then use condition 2 of Lemma 8.4.

All extensions are invertible and preserve the central support and the nonzero endpoints. Their
number depends only on the fixed source signature. Factor extraction and direct gadget substitution
give the claimed finite equivalence. Only contractions of the central layer are adjoined; the central
layer itself is used only in the algebraic argument. O

Lemma 8.6 (A common phase for EO contractions). Let F' be algebraic and EO on an even port
set V, with |V| > 6, and suppose (HN.5) holds with every A\e # 0. There is ¢ € Q" such that
G = ¢ 'F is real-valued and invariant under bitwise complement, and every coefficient \./c in
(HN.5) s positive real. In particular G satisfies exact ARS.

Proof. For disjoint pairs e, f, the two contraction orders give
afaeF = mef)\eXp/, 868fF = mfeApr//, Mef, Mfe € {1, 2}.

Here Xp = @;cp X; has only 0,1 entries. Both tensors are nonzero, so commutation identifies their
supports and gives
Ae/)\f = mfe/mef S {1,2, 1/2}.

The graph of disjoint pairs on V is connected: two intersecting pairs have a common disjoint pair
since |V| > 6. Fix one pair ey and take ¢ = \.,. Every contraction of G = ¢ !F is therefore real
and complement-invariant, with a positive coefficient.

Let G denote coefficientwise conjugation and G™'(x) = G(Z). Contraction commutes with both
operations. Hence every pair contraction of G — G and of G — G™" vanishes. Both differences are
EO, so Lemma 8.3 makes them zero. This is an algebraic conclusion and does not assert that G is a
realizable signature. O

We use precisely the following algebraic part of the real-valued classification.
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Lemma 8.7 (Shao-Cai matching-product reconstruction [SC20, full version, Lemma 2.11]). Let G
be an EO tensor of even arity n > 8 satisfying exact ARS. Suppose

0.G = e ® Xy, fe € R (e € <[Z]>> ,

tePe

where each P, is a perfect matching of the residual ports. If n > 10, then G is an X-matching
product. The same conclusion holds for n = 8 if P4 N Pp # @ for some A # B with AN B # &; in
that case the X-factor on that shared edge is also a factor of G.

8.2 Height at Least Five

Proof of Theorem 8.1 for d > 5. As above, assume —Tract(KT) and @ # 0. Apply Lemma 8.5.
Outside its hard outcome there is an actual mountain M° = Adg2a + Bdq24 + F with AB # 0 and
every pair contraction of F' an X-matching product. By Lemma 8.6, G = ¢ ' F is EO with exact
ARS and nonzero real X-product contractions. Since 2d > 10, Lemma 8.7 makes G, and hence F,
an X-matching product. Apply Lemma 7.2 to the complete M°. Its two-copy output is hard, and
the finite equivalence transfers hardness to the original T'. O

8.3 Height Four

The eight-port exception is the central-layer Reed—Muller tensor
R (z) =1 [:L' =(a+u- t)iers for some a € Fa, 07# u € ]F%} . (WT.20)

This tensor has fourteen supported words and is not a matching product, but each contraction
is an X-product. For deleted ports p, ¢, the surviving pairs are {t,t + p + ¢}: each choice of one
endpoint from every remaining pair has a unique extension with u - (p + ¢) = 1. A matching edge
can therefore belong to both P4 and Ppg, for distinct A, B, only when AN B = &, so the eight-port
overlap clause of Lemma 8.7 does not apply.

For an eight-port set V and a bijection ¢ : V' — F3, write

(L F)(20)terg) = F((2,(0) Jvev)-

All canonical Reed—Muller statements below use this explicit port relabelling.

8.3.1 Translation Form of the Matching Family

Lemma 8.8 (A shared edge forces a matching product). Let F' be an arity-eight EO tensor satisfying
(HN.5). If PAN P # @ for some A # B with AN B # &, then F is an X-matching product.
Consequently, any finite algebraic signature set containing an actual mountain M° = Adgs +Bdis+F,
with AB # 0, has a #P-hard K-Holant problem.

Proof. Apply Lemma 8.6 and then the eight-port clause of Lemma 8.7. This makes F' an X-matching
product. The complete mountain now satisfies Lemma 7.2. O

Lemma 8.9 (Translation form of the matching family). Let F' be an arity-eight EO tensor on a
port set V', and suppose that for every u # v one has

aqu = )\uv ® Xea )\uv 7& 0,

eEPuv
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where Py, is a perfect matching of V\{u,v}. Suppose PANPp = & whenever A # B and ANB # @.
Then there is a bijection v:V — ]F% such that, after relabelling each port v by 1(v), for p # q and
h =p+ q one has

Py = {{t,t + h} : t € F3\ {p, a}}, (Q8.14)

where duplicate unordered pairs are suppressed.

Proof. We apply uniqueness of tensor-prime factorization and a finite matching classification. For
disjoint deleted pairs e,r, let x,(P.) be the two-edge matching left after contracting r in the
X-product on P.: delete r when r € P., and otherwise splice the mates of the two ends of r and
retain the untouched edge. Both operations are nonzero for X factors. Commutativity of the two
loops and unique factorization give the exact constraint

Kr(P.) = Re(Py) (enr=g). (Q8.14a)

The condition on P4 N Pp and (Q8.14a) are exactly the hypotheses of Theorem A.9, which
supplies the required bijection and (@8.14). Thus the identity obtained by commuting two direct
contractions forces the matching family in (@8.14); an arbitrary partition of the complete graph
into perfect matchings would not suffice. O

Lemma 8.10 (The matching family determines the central RM (1,3) coefficients). Let F' be an
arity-eight EO tensor on a port set V' such that

au'uF1 = )\uv ® Xea )\uv 7& 0,

e€Pyy

for every u # v, where Py, is a perfect matching of V '\ {u,v}. Suppose Py N Pp = & whenever
A# B and AN B # @. Choose a bijection 1 : V — F3 supplied by Lemma 8.9, put F* = 1, F, and

write
. 3
cs = F(1g), S e 1

Then .
supp(F*) = {15 1S e <Iz2>, @s = 0}, (Q8.17)

seS

the set of the fourteen affine planes. Moreover all fourteen nonzero coefficients in (Q8.17) are equal.

Proof. Relabel the ports through ¢, continue to denote the resulting tensor by F* = ¢, F, and write
V =F3. For S € (Z),pES, and g ¢ S, put

S'=SAM{pq}, T=5\{p}, o(S)=Ps, h=p+q

ses

The coeflicient of the actual contraction at 17 is the complete two-extension sum
(OpgF*)(17) = c5 + cg.
The word 17 selects one endpoint from each edge of the matching (@8.14) if and only if
o(S) € {0,h}. (Q8.19)

Indeed, in V/(h) the fibre {p, q} contains one point of S, while the other occupancies are 1,1,1 or
a permutation of 2,1,0. Their quotient xor is respectively zero or the sum of the two odd fibres,
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proving (@8.19). Coeflicients at these words equal \,,; and all others vanish. Thus the cg and
nonzero A, satisfy the swap rule in Theorem A.11. That theorem eliminates all coefficients on
four-sets that are not affine planes and identifies the fourteen plane coefficients with one ¢ # 0,
proving (Q8.17). O

Equivalently, the central-layer Reed—Muller tensor from (WT.20) is
R () =1 lwt(x) =4, @ t= 0] .
tixy=1

It consists of the fourteen nonconstant words of RM(1,3). Consequently the full core defined in
Equation (8) is
RMg(x) = dgs(x) + 015 (x) + R (z) = 1[x € RM(1,3)].

Thus RMg is the full sixteen-word Reed—Muller signature.

8.3.2 Normalizing the Endpoint Coefficients

The preceding lemma has made all central coefficients equal. One information-set contraction
detects the remaining endpoint invariant.

Lemma 8.11 (Normalizing the endpoint coefficients of RMg). Let
Mo = A(S()S + B618 + CRgen, ABC ;é 0.

Then either the two-copy native-X construction below yields a nonzero arity-six EO signature outside
By, or
AB = ¢* (Q8.25)

and, for any algebraic s with s® = c/A,
D(5)®8M° = cRMsg, D(s) = diag(s,s™ '), D(s)"XD(s) = X. (Q8.26)
The first outcome uses two source vertices, four information-set edges, and one final X -closure.

Proof. Index the ports by V = F3 and take the complementary affine information sets
Iy = {000, 100,010,001}, L =V\ .

Join corresponding Iy-ports of two copies of M° by four native X-edges. An affine word is determined
by its values on either information set. Hence the internal equations force the two RM (1, 3) words
to be complementary on all eight coordinates. The remaining ports form four opposite pairs indexed
by I, and their coefficient function on the four independent pair-choice bits is

AB, y=0%or 1%,
H(y)z{ )

c“,  otherwise.

Close one of these four pairs by a native X-edge. On the three remaining matching bits the two
antipodal coefficients are AB + ¢, whereas the other six coefficients are 2¢2. If AB = —c?, the
output is nonzero but its support omits two of the eight choices of one endpoint from each remaining
pair. Otherwise that support uniquely determines its three opposite pairs, and a rank-one coefficient
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table would have all 2 x 2 minors vanish after fixing any one of the three pair-choice bits. Choosing
a minor through an antipodal word instead gives determinant

AB + 02 202 . 2 2
det ( 92 9c2 | = 2¢°(AB — ).
Thus AB # ¢? gives the first outcome, and the remaining case is (Q8.25).
Finally, D(s)®® multiplies a weight-k coefficient by s872#. Tt fixes the central layer, sends A to
As® = ¢, and sends B to Bs™® = AB/c = c. This proves (Q8.26); direct multiplication gives the
displayed GO(X) identity. O

8.3.3 Obtaining Equality from the Reed—Muller Signature

We use the Bell contraction identity and the occurrence reduction of [SC20, full version, Definition 8.7
and Lemma 8.9]. The proof below supplies the ambient-relative step for our complex-valued high-
charge language; it does not assume global ARS. Recall that RMg is the full sixteen-word RM (1, 3)
signature, and put B = {I, X,Y, Z}, with the ordered matrices of Equation (7).

Lemma 8.12 (The Reed—Muller Bell reduction under high charge). Let I" be a finite algebraic set
of even-arity signatures such that

xr(z) € 4Z (f €T, arity(f) =r, = € supp(f)).
Suppose T contains cRMg for a known ¢ # 0. Then
K-Holant(I', B) <t K-Holant(I"). (Q8.31)
Consequently, if = Tract(KT'), then K-Holant(I") is #P-hard.

Proof. Throughout, boundary tensors refer to direct native-X gadgets over the indicated signature
set, with ordered boundary ports. The gadgets may be disconnected; components without boundary
contribute scalars.

Occurrence reduction. For each ordered b € B, attaching b to two ports of cRMg leaves, up to a
known nonzero scalar and a fixed ordering of the six remaining ports, ¥3. This is the identity used
in [SC20, full version, Lemma 8.9]. It remains valid in native X-coordinates, since XX = +b. Thus
any three b-vertices can be replaced by one b-vertex and one core vertex, reducing their number by
two. Repeating this operation leaves at most two occurrences, with linear growth in the instance size
and a tracked nonzero scalar. This is a tensor identity, so arbitrary complex labels in the remaining
instance do not affect the reduction.

For b =Y or I, a self-loop on a b-vertex has value zero, while two such vertices sharing an edge
collapse to a native X-wire, up to their recorded orientation signs. If they share both edges, they
form a component of known scalar value. We may therefore assume that the remaining b-vertices
are disjoint. Removing k < 2 of them leaves a direct gadget with 2k ordered boundary ports.

Adjoining Y. The following identity holds on all sixteen four-bit assignments:
Yio ® Yaa = X14 ® Xog — X13 ® Xoa. (Q8.32)

Hence two disjoint Y-occurrences can be evaluated by the difference of two native-X closures of the
residual gadget. The effective kernel of a Y-vertex attached through two native edgesis XY X = —-Y,
so the two signs cancel here.
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It remains to evaluate one occurrence. Write (A, B) =Y., A(x)B(x) for the bilinear coefficient
pairing. If every binary boundary tensor H over I satisfies (H,Y) = 0, every such instance has
value zero. Otherwise fix one direct binary gadget G over I' with

k= (G,Y) #0.

Its size and the nonzero algebraic number x depend only on the fixed language I', not on the input
instance; its truth table is computed by finite exact summation. For the residual binary H of an
input, apply (Q8.32) to the disconnected gadget H ® G. Two oracle closures compute

(HRG,Y®Y) = k(H,Y).

Dividing by the known k, and restoring the sign from XY X = —Y, gives the required one-occurrence
value. The case distinction is a statement about the fixed language: in the second case one fixed
witness gadget is part of the reduction, and in the first case the zero rule applies to every input.
Together with occurrence reduction, this proves

K-Holant(I',Y) <7 K-Holant(T"). (Q8.33)

Adjoining I. Put A =T U{Y}. The added signature has charge zero, so all supported half-charges
in A still lie in 4Z. Charge conservation across native edges therefore makes every binary boundary
tensor over A anti-diagonal and every quaternary boundary tensor EO. No factorization or ARS
assumption on these tensors is required.

Use occurrence reduction for 7. One disjoint occurrence evaluates to zero, since X1X =1 is
orthogonal to every anti-diagonal binary for the bilinear pairing. For two disjoint occurrences, let
H be the four-port residual tensor, with the removed vertices on 12 and 34. On its EO support,

X13® Xog + X114 ® Xo3 — X192 ® X3y (Q8.34)
2 HWE

(12 @ Isa)| gy = =

Thus three native-X closures, with respective coefficients 1/2,1/2,—1/2, evaluate the desired
contraction. These are K-Holant(A)-oracle queries, valid for arbitrary complex coefficients of H.
We have proved
K-Holant(I', Y, I) <t K-Holant(I',Y). (Q8.35)
Finally Y XTI = Z supplies the remaining Bell signature by a direct gadget, and an X-vertex merely
subdivides a native wire. This proves (Q8.31).
If =Tract(KT), restriction gives = Tract(K (I'U{Y, I'})). The binary-equality K-Holant dichotomy
Theorem 2.23, namely [LM26a, Theorem 1.2 and Lemma 2.13], makes the enlarged problem hard.
The two displayed reductions transfer this hardness to K-Holant(T"). O

Proof of Theorem 8.1 for d = 4. Assume —Tract(KT) and  # 0, as in Section 8.1. Apply
Lemma 8.5 and suppose hardness has not already been proved. If P4 N Pg # & for some A # B
with AN B # &, hardness follows from Lemma 8.8. Otherwise Lemmas 8.9 and 8.10 give a bijection
v : V — F3 under which the actual mountain is

]\4O = A608 + 3518 + CRgen, ABC ;é 0

The first outcome of Lemma 8.11 is an actual nonzero EO signature outside By, so Theorem 3.7
gives hardness. Otherwise (Q8.26) supplies D(s) = diag(s,s™!) € GO(X) with

D(5)*8M° = cRMsg.

Apply D(s) to the entire current signature set and again call it I'. This whole-set equivalence
preserves support and charge, and Lemma 2.21 preserves nontractability. Now ¢cRMg € IT', so
Lemma 8.12 completes the proof. O
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9 Synthesis and Proof of the Dichotomy

9.1 Combining the Height Cases

The height analyses now give a dichotomy for the entire signature set; every tractable conclusion
concerns one common presentation of that set.

Theorem 9.1 (Dichotomy for sets containing a mountain). Let G be a finite algebraic set of
even-arity signatures containing a mountain of height d. If d > 3, assume that x,(x) € dZ for every
f € G of arity r and every x € supp(f), as for the ged-height mountain produced by Lemma 4.1.
Then

Tract(KQ) or K-Holant(G) is #P-hard.

Proof. Apply Theorem 5.1 for d = 1, Theorem 6.1 for d = 2, Theorem 7.1 for d = 3, and Theorem 8.1
for d > 4. These cases exhaust all heights. O

9.2 Proof of the Main Theorem

Recall that Theorem 1.1 gives an FP-versus-#P-hard dichotomy characterized by the tractability
predicate Tract defined in Section 2.13. We now complete its proof by combining the preceding
results to establish the corresponding dichotomy in K-coordinates. For a signature set G in these
coordinates, write Tracty (G) := Tract(KG).

Theorem 9.2 (Structural classification in K-coordinates). Let G be a finite algebraic signature set.
If Tracti (G) holds, then K-Holant(G) € FP; otherwise K-Holant(G) is #P-hard. The applicable side
is decidable from exact algebraic input.

Proof. The tractable implication and its effective recognition follow from Theorem 2.18. For the
converse, assume that K-Holant(G) is not #P-hard; we prove Tractx(G). Apply zero and nullary
preprocessing and let A be the resulting positive-arity signature set. We use the equivalence conven-
tion throughout; Lemma 2.22 transports both common presentations and complexity conclusions
back to G.

Odd arity is closed first by Theorem 2.13. In the all-even case, test common one-sided support
before factor extraction; this is alternative (1) by charge conservation and Theorem 2.11. If every
member is single-layer, the remaining two-sided case is alternative (2) by Theorem 2.12. Otherwise
choose two signature—support-point pairs with

fr €A, x4 €supp(fy),
Xarity(f+)(x+) >0> Xarity(f_)(x—)'

The two signs need not occur in the same signature.

Apply Lemma 2.19 and continue to write A for the factor-closed set. Both selected signature—
support-point pairs remain present. An odd-arity factor returns to Theorem 2.13; if no higher-arity
prime remains, alternative (3) holds.

We are left with a two-sided, multilayer all-even signature set containing a higher-arity prime.
Let d be the gcd of its nonzero supported half-charges, computed on the current set A after factor
closure. Apply Lemma 4.1 to A; the two selected pairs verify its sign hypothesis. In its pin outcome,
take Ag, A1 € A by the equivalence convention and apply the odd-arity theorem. Otherwise that
lemma places in A a mountain of the charge gcd d, with

Xarity(f) (:E) € dZ (f SIWHAS Supp(f))'
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Thus Theorem 9.1 applies. Its hard outcome is excluded, so Tractg (A), and hence Tractx (G), holds.
For completeness, if the proof gives a common K-presentation W, the ordinary-coordinate basis
is M = KW. Since KK = X,

M YKG =Ww~lg, M'M=wTXW,
so one basis handles both the edge and the entire signature set. O

Proof of Theorem 1.1. Decidability and polynomial-time evaluation in every tractable case follow
from Theorem 2.18. For hardness, put G = K ~'F. By Equation (4),

Holant(F) =1 K-Holant(G).
By the definition of Tractg,
Tractx (G) = Tract(KG) = Tract(F).

If = Tract(F), then = Tractx (G), so Theorem 9.2 implies that K-Holant(G) is #P-hard. The displayed
problem equivalence transfers this hardness to Holant(F). All reductions are polynomial-time Turing
reductions, as required. ]

10 Conclusion

We have proved an FP-versus-#P-hard dichotomy for Boolean Holant on general graphs with arbitrary
finite sets of algebraic complex-valued signatures, under polynomial-time Turing reductions. The
classification uses the same seven conditions as the odd-arity dichotomy, and this criterion is
decidable from exact algebraic input.

For the all-even cases, charge conservation and tensor-factor extraction either lead to a known
classification or produce a mountain signature. The analysis by height, together with the existing
odd-arity, Eulerian-orientation, binary-equality, and quaternary dichotomies, yields the full result.
In each holographic tractable case, one basis works simultaneously for the edge and every signature
in the set.

A Exact Finite Certificates

This appendix gives the exact finite calculations used in the odd-dihedral order-three and high-charge
six- and eight-port arguments. Each detailed proposition is followed by the consequence used in the
main proof. We retain the exhaustive counts, equations, verification details, and the distinction
between the finite calculations and the reductions proved in the text.

The accompanying programs reconstruct and check the finite objects from the definitions below.
Reproduction instructions and the correspondence between manuscript statements and programs
are given under Code Availability. The algebraic reductions and direct-gadget arguments remain in
the text.

Throughout this appendix, ranks and linear systems are computed exactly over the indicated
characteristic-zero field. A projective vector is normalized by making its first nonzero coordinate one,
except when a primitive integer representative with first nonzero coordinate positive is explicitly
requested. For a nonzero rational projective vector, this integer representative is obtained by clearing
denominators, dividing all coordinates by their greatest common divisor, and choosing the sign so
that the first nonzero coordinate is positive. No numerical tolerance or random sampling is used.
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As a supplementary check, the script verify_high_ charge_q8_normalized.py verifies the rank
of each relevant 560-by-98 integer matrix over Q: a nonzero vector in its kernel gives rank at most
97, while rank 97 modulo the prime 1,000,000,007 exhibits a nonzero integer minor and gives rank at
least 97. For its integer relation matrix, an explicit kernel and a nonzero 13-by-13 minor of absolute
value 16 give rank 13; rank 9 modulo two then forces the nonzero Smith invariant factors to be nine
1’s and four 2’s. These are exact rank and divisibility arguments over the integers, not heuristic
finite-field specializations.

A.1 0Odd-dihedral and high-charge certificates
A.1.1 The order-three odd-dihedral six-port certificate

Fix w € Q with w? +w + 1 = 0, and identify a residue r € F3 with its representative 0, 1,2 whenever
it appears as an exponent w”. For € € 9, let

Be={{z,2}:x €F3, wt(x) =€ (mod 2)}

be the four complement blocks of parity e. Choose an orientation (xp,z;,), 0 < p < 3, of these four
blocks, and for z € F4 let e, € CF2 be the coordinate vector given by e, (y) = 1]y = z]. For r,t € Fs,
put

Vpr = w'ey, +w?ez, Epq(r,t) = Vo, — Vyr. (33)

Define the finite projective set
Qs ={[Vpr] :0<p <3, reFs} U{[Ep(rt)] :0<p<qg<3, rtelFs}.

For a six-port tensor F', an unordered pair ¢ < j, and a,b € Fg, write F%b for the quaternary
slice obtained by setting the two selected ports to a, b, with the residual ports kept in increasing
order. For £ € Fy and s € ug, define

0, 1,1—
Cijgs(F) = Fij* = sFy' 5. (34)
For n € Fo, if supp(F) C {x € F§ : wt(z) =1 (mod 2)}, then this contraction has residual parity

noE.
For a support S C FS, define

Ufj(S) = {33{77} cxe S, xy®a;=E}

The (i,7,&) zor sector consists of the assignments satisfying x; @ x; = £&. We will use the condition
that Ufj(S ) is empty or is the union of one or two complete blocks from a single parity class B.. In
the table below, the middle column lists the numbers of complement blocks supporting the three
projective points; for example, 1/1/2 means that two points each use one block and the third uses
two. For three distinct blocks p, ¢, u, the points [Epg(r,t)], [Epu(r,v)], and [Ey,(t, v)] are collinear
because Epq(r,t) — Epy(r,v) + Egu(t,v) = 0.

We call a pencil A—sB projectively nonconstant when A, B are linearly independent. Otherwise it
is zero or has constant projective class wherever it is nonzero. Consider labelled pencils ¢; = A — sB,
s € p3, modulo one common nonzero scalar, such that all three ¢, are nonzero and their three
distinct projective classes are points of Q% assigned bijectively to the phase labels. Only pencils
satisfying these conditions are counted below.

Proposition A.1 (Order-three odd-dihedral six-port classification). The following statements hold.
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(i) Each set Q% has 66 points. Its projective lines containing at least three of its points are exactly

number  supported blocks geometry

4 1/1/1 one fized complement block
36 2/2/2 one fized Segre ruling
54 1/1/2 a secant between two blocks
108 2/2/2 the displayed relation on three blocks

Every such line contains exactly three points of Q5. Hence there are 202 such lines and
202 - 6 = 1212 labelled pencils satisfying the stated conditions in each parity.

(ii) Let n € Fy, let supp(F) C {x € F§ : wt(x) =7 (mod 2)}, and suppose that every contraction in
Equation (34) is zero or has projective class in the appropriate set Qg®£. For no fired i < j
and & does the projectively nonconstant family s — Cije o(F') lie on a line from the third or
fourth row of part (i). Consequently, for every such F, each projectively nonconstant family
s+ Cyje s(F) either is supported on one complement block or lies in a fixed Segre ruling.

(iii) Ezactly 873 supports S C FS§ make every Ufj(S) empty or a union of one or two complete
complement blocks of a single parity. They are the empty support; the 392 distinct cosets,
counted without duplication,

a+ Ly, Ly = spang,{1¢ : C € 7},

where a € FS and 7 is a partition of the siz ports into even blocks; and the 480-element
bit-flip /port-permutation orbit of

S, = {000000,000011,001100,110011,111100,111111}.
The distinct affine supports occur in the respective numbers
32, 240, 120

for partition types (6), (44 2), and (2+ 2+ 2), where a partition type is the multiset of its block
sizes. Fvery nonempty support in the classification has one parity.

Proof. The vectors in Equation (33) give twelve one-block and fifty-four two-block projective points.
Normalize every nonzero vector at its first nonzero coordinate. For every one of the (626) point pairs,
take the exact reduced-row-echelon form of its two-dimensional span and group equal row spaces.
The groups containing at least three points of Qf all have size three and give the table in part (i).

The table also has a direct block interpretation. The three points on one fixed block give four
one-block lines. On a fixed pair of blocks, the nine two-block points form a 3-by-3 Segre grid in the
transformed phase coordinates u =r +t, v =r —t in F3. Fixing u or v, not the original r or t in
Equation (33), gives its two rulings and hence 6 -2 -3 = 36 lines. Every E,,(r,t) lies on the secant

through V},,» and V,;, giving 6 - 3% = 54 secants. For three distinct blocks,
Epq(r,t) — Epu(r,v) + Egu(t,v) =0

gives (g) 33 = 108 lines on three blocks. Conversely, in a dependent triple every block occurring in
one vector must occur in another. According as the triple uses one, two, or three blocks, it is one of
the displayed types; four blocks would leave a block occurring only once.
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Assigning the phases 1,w,w? to the three points on one of these 202 lines gives a unique affine
pencil up to one common nonzero scalar. Indeed, after the unique dependence is scaled, solve

q =A-B, o =A—wB

and verify g, = A — w?B. All six phase assignments are distinct. This proves the last assertion of
part (i).
For part (ii), after a bit flip to even parity, fix £y = 0000, 21 = 0011, x2 = 0101, and x3 = 0110.
4
For t = (t1,...,t4) € F3, define (R;q)(z) = W= %% g(z). Under Ry, the four oriented block labels
change by Ht, where

1 1 1
1 -1 -1
-1 1 =1}/
-1 -1 1

det H=—-16#0 (mod 3).

=
Il
[ O g —

The phase permutations are generated by s — as and s — «/s, with a € us; these maps form
Dg = S5 and realize all six permutations of p3. Together with port permutations and bit flips, these
actions reduce the two-block secant and three-block cases to the following representative pencils for
a fixed restriction x; ® x; = £. A semicolon separates the four oriented complement blocks, and 0
denotes the pair (0,0):

Agec = (1,1;w,w;0;0), Byee = (W, w?w,w;0;0),
Api = (1, Lw, w;w?, w?;0), Biyi = (w,w; 1, 1;w%, w?;0).

Each displayed pair (A, B,) denotes the pencil ¢s = A, — sBy, s € us. Since H is invertible over Fs,
the maps R; shift the block labels independently. Port permutations and bit flips act transitively
on the block choices and the two total parities. Together with the phase permutations, this proves
that every orbit of the two-block secant and three-block cases under these operations is represented.

Fix the selected pair ¢ < j and sector £. It remains to exclude six-port tensors F satisfying the
hypotheses of part (ii) and realizing either selected representative pencil. Put ( = ¢ @ 1. Under the
restriction z; ® x; = (, a projectively nonconstant pencil is one of the 1212 labelled pencils from

part (i). Its slices C' = Fi(;-’c and D = Fé’l*g are fixed up to a common scalar A € Q. For each of
the fourteen port pairs other than the selected pair, and for each xor sector and phase, substitution

4
into Equation (34) gives a quaternary contraction gp 4+ Aq1, where the computed vectors qo, g1 € QF2

are independent of A. For a fixed representative v € @Fg \ {0} of a point of the appropriate set
Q5, the set of A for which this vector is zero or belongs to span{v} is all of the field, empty, or one
point; exact two-column row reduction determines which case occurs. Intersecting the resulting
finite unions over all remaining pairs, both xor sectors, and all three phases leaves no nonzero A for
either representative.

For an opposite pencil with constant projective class, write C = cv and D = dv, where

veQ? \ {0} represents one of the 66 points of the appropriate Q% and (¢, d) € Q \ {(0,0)}. For

each remaining contraction, substitution gives qg + cq1 + dqa2, where the computed qo, q1, g2 € Q 2
are independent of ¢, d. Its preimage over all target points of Qf is a finite union of affine linear
systems in (¢, d). Exact RREF, followed by intersection over all contractions in the hypothesis of
part (ii), leaves no nonzero pair (¢, d). The identically zero opposite sector is checked separately
and also fails. All matrices have entries in Q(w); their ranks and consistency are unchanged after
extension to Q. Reversing the two ports when & = 0 changes nothing, whereas for £ = 1 reversal
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at s gives a nonzero scalar multiple of the contraction at s~!, so unordered port pairs exhaust the
ordered conditions.

For part (iii), fix one port pair and one xor sector. A union satisfying the stated condition is
empty, one of the eight one-block unions across the two parities, or one of the twelve two-block
unions. Each residual word in a nonempty union occurs only in Fig’g, only in F%-’l_g, or in both.
Hence the exact finite superset of local candidates has

1+8-32+12-3*=1045

members. Combine the two disjoint xor sectors on the first port pair, giving 10452 candidates.
Retain a candidate precisely when, on each of the other fourteen pairs, each of the two unions is
empty or is the union of one or two complete complement blocks of its own parity. Encode a support
by a 64-bit integer whose bit k corresponds to the k-th word in lexicographic order on {0,1}5,
starting at & = 0. Exact intersection of these encoded support lists leaves 873 distinct supports.

Independently generate every partition into nonempty even blocks and every coset of its block-
indicator space. This gives

32 4240 4+ 120 = 392

distinct supports. Generating all bit flips and port permutations of Sy gives 480 further supports.
These two families and the empty support are disjoint, and their union is exactly the 873-support
intersection. Since every block indicator has even weight and S, has even parity, every nonempty
support has one parity.

The exact calculation constructs the sets 95, their lines containing at least three points, labelled
pencils, affine preimages, local support lists, partition cosets, and exceptional orbit from the displayed
definitions. It loads no precomputed data or stored accepted-case list and uses no random choice,
floating-point comparison, finite-field specialization, or external solver. ]

Remark A.2 (Scope of the odd-dihedral certificate). Proposition A.1 is a normalized finite statement.
The algebraic quaternary classification, the construction of the realizable kernels in Equation (18),
and the reduction to Equation (34) remain in the main proof. The certificate does not prove
the IV > 5 support bound, the exclusions of contractions supported on two points, the coefficient
factorization for support that selects one endpoint of each matching edge, the arbitrary-arity
common-factor argument, or the reduction for the entire signature set.

Theorem A.3 (Six-port support classification). The order-three classification has the following
consequences.

(i) Let F be a siz-port tensor of one parity, and suppose that every contraction Ci;¢ s(F), for every
port pair, xor, and s € us, is zero or belongs to Bs([4]). Then, for every fized pair and xor, with
A= E%éf B = Filj’l_g, supp(A) Usupp(B) is empty or is the union of at most two complement
pairs in its residual parity.

(ii) Let F be a siz-port tensor of one parity. If the support union in part (i) is empty or consists of
at most two complement pairs for every pair and xor, then supp(F) is empty, a partition coset
of type (6), (44 2), or (2+2+2), or a bit-flip/port-permutation image of Sy in Equation (26).

Proof. For part (i), every nonzero contraction over all port pairs and xors has projective class
in the corresponding set Q5. By Proposition A.1(ii), a projectively nonconstant pencil lies on a
one-block line or one fixed Segre ruling. Its support union consequently contains at most two
complete complement pairs. Coordinatewise,

supp(A) Usupp(B) = | J supp(4 - sB),
sep3
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since a nonzero affine coefficient has at most one root. This also handles zero and projectively
constant pencils. For part (ii), the hypothesis says precisely that every local union Ufj (supp(F))
is empty or consists of one or two complete complement blocks of a single parity, as required in
the enumeration of Proposition A.1(iii). That enumeration gives the asserted alternatives. Neither
statement asserts coefficient factorization merely from the support shape; the required coefficient
argument and the exclusions of contractions supported on two points are proved in Theorem 5.14. [

A.1.2 High-charge six-port loop and two-copy arrays

Let
Wy = (0011,0101,0110, 1001, 1010, 1100).

The arrays below use this order. The Python loop generator lists its entries in reverse order; both

(Q6.6) and (Q6.7) are invariant under zi — z5_j. The two-copy generator uses Wy directly. Let
U = [6], let t € C*, and assign arbitrary complex coefficients gg to the twenty triples S € (g)
For each deleted pair i < j, order the residual ports as vy < v1 < vg < wvs; for w € Wy, write

w = (wp, w1, wa,ws) and put Ry, = {v, : w, = 1}, and define the six EO entries
Lij(w) = qr,ufiy + 4RoUG) w € Wy. (35)

For unordered two-element external sets A, B € ((2]), use the canonical increasing orders A = (ag, a1),
B = (bg, b1) and the external order (ag, a1, by, b1). The first and second copies retain their first /second
copy labels. Put Iy =U\ A, Ip =U \ B, and let 7w : I4 — Ip be a bijection. Define the six EO

entries, indexed by the concatenated words xy € Wy, where x = (x9,x1) and y = (yo,y1), by

CA,B,W(xv y) =t 1[(1‘7 y) € {(005 ]-1)7 (117 OO)}] + Z qA,uT QByU(IB\W(T))v (36)
TCI
|T|:3:\;\74t(x)

where A, = {a, : , = 1}, and similarly for B,.
For any quaternary EO array z = (29, 21, 22, 23, 24, 25) indexed in the order Wy, put Py = 225,
P, = z1z4, and P> = z923.

Proposition A.4 (High-charge six-port coefficient classification). Suppose every one of the fifteen
arrays in Equation (35) and all 152 - 4! = 5400 labelled arrays in Equation (36) satisfy

20=0<= 25 =0, 21=0<= 24=0, 29 =0<4<= 23 =0, (Q6.6)
PyP P, =0, PPj(PP—P})=0 (0<i<j<2). (Q6.7)
Then
{Re(g):qR#O}g{S,U\S} forsomeSG(i).
This holds for arbitrary complex qs and every t # 0.

Proof. For each of the fifteen loop arrays, Equations (Q6.6) and (Q6.7) force at least one of its
three complementary EO-entry pairs to vanish. Selecting such a pair gives, for a suitable S € (g)
containing exactly one of i, j, two signed equations

4s = —4sAfij) qu\s = —qu\(SA{i.i})-

Thus every coefficient vector lies in at least one of exactly 3! = 14 348 907 branches defined by signed
linear equations. Signed union—find deduplicates them to 1868 linear subspaces; modulo the Sg port
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action and simultaneous complementation, they form exactly 24 orbits. For the C++ enumeration,
number ports from 0 to 5 and order triple coordinates by increasing > ;cg 2% In each nonzero
component C' of the signed equations, write its coordinates as ¢; = g;uc, where ¢; € {1, —1}, choose
€minc = 1, and use min C to name the free parameter uc. After this sign normalization, choose
the lexicographically least encoding under port permutations and simultaneous complementation,
taking exactly one representative per orbit.

For each family, substitute independent complex parameters into the displayed polynomials
Equations (35) and (36) and impose only Equations (Q6.6) and (Q6.7). Split every complex
parameter into real and imaginary parts. A selected nonzero parameter may be normalized to 1,
because all equations are homogeneous under (q,t) +— (cq, c*t) for ¢ € C*. Exact satisfiability checks
for the resulting real polynomial systems find no solution with two distinct nonzero coefficient pairs

{as, ans}-
The resulting exhaustive calculation is

14,348,907 branches — 1868 signed spaces — 24 orbits.

All generated expressions have integer coefficients, and all reductions performed before the solver use
exact rational polynomial arithmetic. The all-zero orbit is immediate. The exact real-polynomial
queries for the remaining twenty-three nonzero orbit families were evaluated with Z3 4.14.0. The
answers are UNSAT, meaning that no satisfying assignment exists. The calculation uses 61 queries:
51 for projective charts of sparse orbits 1-19 and 10 for the implications used in dense orbits 20-23.
For sparse orbits, the script checks that parameter sets omitted by the chosen normalizations
are supported on at most one complementary block and hence cannot meet the counterexample
condition. The dense branches explicitly reduce to a previously checked sparse family, the zero
vector, or one complementary block. No parameter sample replaces a quantified polynomial query.

The six-port wrapper requires Z3 4.14.0 and records the compiler and solver versions and
source-file hashes. Before any solver query, the Python stage reindexes the C++ output and checks
that both stages give exactly the same orbit representatives. The programs regenerate the orbit
representatives and exact real-polynomial queries on each run. The suite option -q6-audit-dir
saves the generated inputs, parameter encoding, branch labels, and solver responses for inspection;
the package README gives the reproduction commands.

The runs neither request nor check solver proof objects. The UNSAT answers therefore rely on
the correctness of Z3; exporting or rerunning the inputs does not remove this dependence. Subject
to this dependence, the exhaustive calculation establishes the proposition over arbitrary complex
coefficients. O

Remark A.5 (Scope of the six-port certificate). Proposition A.4 starts from the coefficient arrays
Equations (35) and (36). It does not prove that these arrays are direct loop or two-copy gadgets,
does not make any summand of Equation (36) separately realizable, and does not establish a
reduction for the entire signature set. Those arguments remain in Section 7.2 and Theorem 7.5.

Theorem A.6 (Consequence for loop and two-copy arrays). Let U = [6], let t € C*, and let
(QS)SE(U) be arbitrary complex coefficients. Form the fifteen loop arrays in Equation (35) and all
3

5400 labelled two-copy arrays in Equation (36). If every one of these arrays belongs to BY ([4]), then

{RE(%):QR#O}Q{S,U\S} forsomeSG(i).

Proof. Every member of BY([4]) satisfies Equations (Q6.6) and (Q6.7); hence Proposition A.4
applies and yields the assertion. O
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Remark A.7 (Why the two-copy six-port arrays are necessary). Order each triple as S = {sp <
s1 < sa2}, and order the twenty triples by the lexicographic order of (sg, s1,s2). In that order, the
full-support coefficient vector

(1,-1,—-1,1,i,—i, —1,1,—i,—i, —i, —i, —1,1,—4,i,—1,1,1,—1)

) Y Y

does not define a member of By ([6]), although all fifteen arrays Equation (35) lie in BY([4]). For
this same vector, one labelled array Equation (36) is

(t,2,-2,-2,2,1),

where t # 0; its six nonzero entries put it outside that class. Thus the one-loop conditions alone
cannot imply the conclusion of Theorem A.6.

A.1.3 Eight-port matching families

Let V ={0,1,...,7}, and for distinct labels a, b write ab for the unordered pair {a,b}. For every
pair e € (‘2/), let P, be a perfect matching of V' \ e. For disjoint e, r € (‘2/), write r = {u,v} and
define x,(P,) as follows. If r € P,, delete that edge. Otherwise let u’,v" be the mates of u, v, remove
wu’ and vv'; add w/v’, and retain the unique untouched edge. In both cases k,(P,.) is a two-edge
matching on V'\ (eUr).

Proposition A.8 (Eight-port matching classification). Suppose
Kr(Pe) = ke(Py) (enr=9) (37)

for every pair of disjoint deleted pairs. After relabeling so that Py = {23,45,67}, exactly nine
labelled families satisfy these constraints. Seven are induced by a global perfect matching M on eight
ports, meaning P. = ke(M) under the same deletion-and-splicing rule. Each of these seven families
has Py N Pg # @ for some distinct pairs A, B with AN B # @. With labels 0, ..., 7 interpreted as
three-bit vectors, one remaining family is given by the matchings below and the other is obtained by
swapping 6,7, where the two-character string ab abbreviates the unordered pair {a,b}:

h {{t,t+h}:tcF3}

001 01,23, 45,67
010 02,13, 46,57
011 03,12, 47,56 (Q8.14b)
100 04, 15,26, 37
101 05,14, 27,36
110 06,17, 24,35
111 07,16,25,34.

For a deleted pair p,q, removing the edge pq from the row h = p + q gives P,.

Proof. Once Py is fixed, each of the other twenty-seven port pairs has the fifteen perfect matchings
on its six residual ports as candidates. An exhaustive backtracking search imposes Equation (37)
whenever both sides become known. The search has 236 search nodes and exactly nine leaves. Direct
inspection of each leaf gives the stated 7+ 2 split and the table in Equation (Q8.14b).

The scripts verify_high charge_q8_atlas.py and verify_high charge_q8_normalized.py
reconstruct the same nine leaves from the displayed definitions, and the latter also checks the
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236-node count and the linear systems for the original tensor’s seventy weight-four coeflicients
and twenty-eight contraction scales. The two programs reuse the same matching-generation logic
and are therefore not independent implementations. This proposition is only the finite matching
classification. The direct double-contraction identity that yields Equation (37), and the reduction
that excludes families with P4 N Pp # @ for distinct A, B satisfying AN B # &, remain in the main
proof. O

Theorem A.9 (Translation form of the matching family). Let V' be an eight-element port set and,
for every e € (‘2/), let P. be a perfect matching of V'\ e. Suppose

Kr(P.) = ke(Py) (enr=g).

If PAN Pg = @ whenever A # B and AN B # &, then there is a bijection v : V — F3 such that,
after relabelling, for p # q and h = p+q,

qu = {{t7t+h} 1te F%\{p,Q}},
where duplicate unordered pairs are suppressed.

Proof. Relabel V' so that Py = {23,45,67}. By Proposition A.8, seven of the nine labelled families
violate the condition on P4 N Pg. The remaining two differ only by a relabelling and give the
displayed matching family. O

Proposition A.10 (Coefficients on affine planes). Identify V = F3, with the labels 0, ..., 7 inter-
preted as their three-bit binary expansions, and for S € (Z) put 0(S) = Pyegs. Let cs € C, and let
Apg € C* for every unordered pair {p,q} € (‘2/) Suppose that, whenever p € S, q ¢ S, h =p+q,
and 8" =S A {p,q},

)‘Pq7 J(S) € {Ov h}>
0, o(S) ¢{0,h}.

Then the four-sets with nonzero coefficients are exactly the fourteen affine planes of V', and there is

one ¢ € C* such that
g = {g ”Eg; ; 8 (Q8.19b)
, o )

Call a four-subset a nonplane when it is not an affine plane. Let G be the graph on the fifty-siz
nonplanes, joining S to S A{p,q} wheneverp € S, q ¢ S, and the latter four-set is also a nonplane.
Let H be the bipartite incidence graph between planes and unordered port pairs, with an edge between
S and {p,q} exactly when |SN{p,q}| =1. Then G is connected and contains an odd cycle, and H
s connected.

cs +cgr = { (Q8.19a)

Proof. A four-set has xor zero exactly when it is an affine plane: xor zero makes the fourth point
the affine sum of the other three, and the seven nonzero linear functionals on Fj each have two
affine level-set planes. Thus there are fourteen such sets and fifty-six nonplanes. For a nonplane
S, the exchanged set S’ = S A {p, ¢} is again a nonplane exactly when o(S) ¢ {0,p + ¢}. Lift
teVtot=(1,t) € F}, and let M be the represented matroid on ground set V with representing
vectors t. A four-set is a nonplane exactly when its four lifted points form a basis. Thus G is the
basis-exchange graph of the rank-four binary matroid M, whose vertices are bases and whose edges
exchange one element while preserving a basis. This graph is connected.
In binary labelling it contains the triangle below, where, for example, 0124 abbreviates the
four-set {0,1,2,4}:
0124 — 0125 — 0245 — 0124. (Q8.20)
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The three xor sums are 7,6, 3, while the corresponding swap directions are 1,5, 4; hence all three
edges belong to G. The second line of Equation (Q8.19a) gives, on every edge of G,

Cgr = —Cg.

Alternating around Equation (Q8.20) and using characteristic zero forces the three coefficients on
the triangle to vanish. Connectivity then forces cg = 0 for every nonplane.

Let S now be a plane and let p € S,q ¢ S. Then S" =S A {p,q} has xor p+ ¢ # 0, so it is a
nonplane. The first line of Equation (Q8.19a) therefore gives

cs = Apg # 0. (38)

It remains only to show that these values agree. Regard a plane as incident with every unordered
pair having one endpoint in the plane and one outside it. Two nonparallel affine planes meet in
two points and their union has six points; a pair from their intersection to the complement of
their union is incident with both planes in H. Two distinct parallel planes are complementary and
hence have the same incident port pairs. Thus H is connected. Every pair {p, ¢} is incident with
a plane: choose a linear functional ¢ with ¢(p + q) = 1 and take {z : {(z) = {(p)}. Equation (38)
makes all fourteen plane coefficients and all incident \,,’s equal to one common nonzero ¢, proving
Equation (Q8.19b).

The script verify_high charge_q8_atlas.py also checks the 14 + 56 split, the connectivity
of GG, the displayed odd cycle, and the connectivity of H. These are supplementary checks of the
argument above. O

Theorem A.11 (Affine-plane coefficients). Identify V = F3. Let cs € C for S € (%), and let

Apg € C* for every unordered pair {p,q} € (‘2/) Suppose that, whenever p € S, q ¢ S, h =p+q,
and §" = S A{p,q},

Avgs P s € {0,h},

seES

0, Ps¢{o,n}

ses

cs +cgr =

Then there is one ¢ € C* such that

c, @SZO,

Cco = seS
"o, Ps+o

seS

Equivalently, the support consists exactly of the fourteen affine planes of T3, and all supported
coefficients are equal.

Proof. This follows from Proposition A.10. O
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